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Preface

This paper treats of three families of abstract groups, defined by the fol-

lowing sets of relations:*

(l, m | m, k):       R' =Sm= (RSy = (R~lS)k = 1;

(l,m, m; q):       R' = Sm = (RS)n = (R^S^RS)" = 1;

Qm.n.p. Am  =   ßn  m  Çp   =   (¿£)2   =   fBQ2   m   (CAy  =   (ABC)2  =   1.

Here, "P! = l" means "P is of period 7" When this and the remaining rela-

tions imply Rlld = l, (d>l), we acknowledge a case of collapse: total collapse

if the relations reduce every generator to the identity, otherwise partial.

These groups are interrelated in various ways, of which the most impor-

tant are as follows: (m, m\n, k) is a subgroup of index two in (2, m, 2m; k);

(2,m,n;q) is a subgroup of index two in G"*-"'2«.

The study of these families is justified by the number of important groups

which they contain. In particular, the families include the following simple

groups:

* The symbols are designed to admit the combination (I, m\n, k; q) (symmetrical between

I and m, and between n and k), which would mean the group defined by Rl=*Sm=(RS)n={R~1S)k

= (ii-15-1icS)«=l.
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$i(5) (order 60)~(5, 5 12, 3)—(2, 3 15, 5)~(2, 3, 5; S)~&**,
%(7) (order 168)~(3, 314, 4)~(4, 7 ¡2, 3)~(2, 3, 7; 4),
<ßi(9) (order 360)~(5, 5 | 2, 4)~(3, 4, 5; 2),

?i(8) (order 504)~G3-7-9,

Çi(ll) (order 660) ~G6^6,

$i(13) (order 1092) ~(i, 7 | 2, 3)~(2, 3, 7; 0, Q = 6 or 7),
?i(17) (order 2448)~(4, 912, 3),
Çi(19) (order 3420)~(2, 5, 9; 2)~G3-9-9,

Çi(23) (order 6072)~(2, 3, 11; 4),
$i(29) (order 12180)~G3^16.

Following Schreier and van der Waerden,* I let ^i(q) denote the group

commonly called LP(2, q) or PSL(2, q), q being a prime or a prime power.

When q is odd, I let fyi(q) denote the group of all linear fractional transforma-

tions in the Galois field of order q, otherwise called PGL(2, q) ; this contains

tyi(q) as a subgroup of index two. The groups $i(9) and |3i(9), being the alter-

nating and symmetric groups of degree six, will usually be denoted by Go\/2

and Gei.

The above definitions for $i(5) (or Gsi/î) are merely redundant forms of

Hamilton's definition!

t2 = Ks = (t/£)5 = 1#

The first definition for $i(7) is due to G. A. Miller; the second is immediately

deducible from Burnside's; the third is essentially Dyck'sJ (but was put into

precisely this form by H. R. Brahana§). The second definition for $i(13) is

due to Brahana§ (1 = 6) and Sinkov|| (1 = 7); the first is easily deduced from

it. The first definition for ^3i(9) (or Got/2), and the definitions for $1(8) and

Çi(l7), have already been published;H but (3,4, 5; 2), G6-8'5, (2, 5, 9; 2), G3'9'9,

(2, 3, 11; 4), G3-7-16 are quite new.

We shall see (Theorem G) that, for every prime p, the linear fractional

group tyx(p) is a factor group either of some (2, 3, p; q) or of some G3*Bi,\

This result may be compared with the following.** For the group li|3i(2m), every

pair of generators of periods two and three satisfies the definition of some

* Schreier and van der Waerden [l]. Their Theorem 1 shows that fy,(p) is the group of isomor-

phisms of fyiip) (p prime). We shall make frequent use of this theorem,

t Hamilton [lj.

Í Miller [l], p. 364; Burnside [l], p. 422; Dyck [l], p. 41.
§ Brahana [2], pp. 351,354.

|| Sinkov [l],p. 239.

If Todd and Coxeter [l], p. 31; Sinkov [3], p. 70; Coxeter [7], p. 56.
** Sinkov [6], p. 454.
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The following seven theorems will be proved :

Theorem A. The groups (2, m\n, k) for n¿¿k, (3, m\2, k) for m^k,

(5, m\ 2,3) for m 9e 5, and (l,m\ 2, 2)forl>2 and m odd, all collapse. Apart from

these cases, if I and m are even, or if I and k are even and m = 2, the group

(I, m\n,k) is finite when 2 sin it/I sin ir/m > cos 7t/m+cos w/k, and infinite other-

wise.

Theorem B. For all infinite groups (I, m\n, k),

2 sin it/I sin ir/m á cos ir/n + cos n/k.

Theorem C. If q > 1 and 1/m+l/n —1/2, and m and m are either even or

equal (or both), the group (2,m,n;q) i s finite when

cos 2x/w + cos 27t/m + cos te/q < 1,

and infinite otherwise.

Theorem D. For all infinite groups (2, m, n; q),

cos 2r/m + cos 2x/m + cos %/q ^ 1.

Theorem E. If the smallest of m, n, p is greater than 2, while the next is

greater than 3, and if these three numbers are either all even, or one even and the

other two equal, the group Gm-"-p is finite when

cos 2ir/m + cos 2ir/» + cos 2ic/p < 1,

and infinite otherwise.

Theorem F. For all (noncollapsing) groups Gm-n<p, save G2'n'2n (n odd),

(1 — cos 2w/m + cos 2%/n + cos 2ir/p )(1 + cos 27r/f»

— cos 2ir/w + cos 2ir/p)(l + cos 2ir/m + cos 27t/m — cos 2ir/p) ^ 0;

and for all infinite groups Gm'n-p,

cos 2-ir/m + cos 2ir/n + cos 2ir/p ^ 1.

Theorem G. If p is a prime, congruent to 1 or 3 (mod 4), the group tyi(p)

or fyi(p) (respectively) is a factor group of G3-"'p, where n is the ordinal of the

first Fibonacci number that is divisible by p. When p=3 (mod 4), tyi(p) is a

factor group of (2,3, p; n/2).

In the final section, we see that Gm-n'p has an elegant representation on a

"semi-regular map" of w-gons and n-gons (or M-gons and /»-gons, or /»-gons

and »î-gons). Although the representation has not (so far) given any new in-

formation about the groups, it provides an alternative method for enumerat-

ing the operators, whenever the order does not greatly exceed five hundred.
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Moreover, the representation seems to clarify the phenomenon of "collapse."

Tables I, II, III, at the end of the paper, summarize the special results,

and at the same time serve as an index. In Table III, it is noteworthy that

the group G*-7-', with ¿ = 12 or 13 or 14, has order 12X13X14. (Although

G3,7.i2 ̂ ,£3,7,14^ g3'7'13 is a different group of the same order.)

A considerable part of this work is the fruit of discussions with Dr.

A. Sinkov, extending over several years. To him I would express my sincere

gratitude.

Chapter I. (/, m\n, k)

1.1. Introduction; the polyhedral groups. The group (I, m\n,k), which is

defined by

(1.11) Rl = Sm = (RS)n = (R-lS)" = I,

may be regarded as a factor group of

(1.111) Rl = Sm = T" = RST = 1.

In terms of S and F, it takes the form

(1.12) Sm = T" = (ST)1 = (S2T)k = 1.

The group (1.111) is known* to be finite when

1       1        1
- + - + ->!,
I        m       n

and infinite otherwise. When « = 2, we denote it by [/, m]', since it is the rota-

tion group of the regular polyhedron f {l, m\. Its factor group (/, m\ 2, k) is

the rotation group of the regular skew polyhedron J \l, m\ k}.

The dihedral group [2, m]', defined by P2=F2=(PF)m = l, may be de-

noted more briefly by [m], since it is the complete group of the regular ra-gon

{m}. Finally, [m]' denotes the cycle group of order m, defined by Sm = 1.

By interchanging R and5in (1.11), we get (/, m\ », k)~(m, l\n, k). Again,

writing Rr1 for R, we have (I, m\n, k)~(l, m\ k, «). Hence

(1.13) (/, m | », k) ~ (m, I | », k) ~ (m, I | k, ») ~ (l, m \ k, »).

When naming special groups, we shall usually arrange the symbols so that

l — m, n = k.

*Threlfall[l],p. 28 (r=3).

t Todd [l], p. 214. When l//+l/m<l/2, the polyhedron can be constructed in the "Minkow-

skian" space whose dimensions are two space-like and one time-like; see Coxeter [4], p. 24.

Î Coxeter [7], p. 48.
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When 1 = 2, (1.11) takes the form

P2 = S" = (RS)n = (AS)* = 1.

Hence

(1.14) (2, m\n, k) collapses (partially or totally) if n ¿¿ k,

but

(1.141) (2, m | m, m) ~ [m, »]'

(finite when 1/mî+1/m>1/2). In particular,

(1.142) (2, 2 | «, ») ~ (2, » | 2, 2) ~ [n]

(where [m] is the dihedral group of order 2m).

When 1=3, (1.11) takes the form

& = Sm = (RS)n = (R~1S)k = 1,

where, of course, P_1 may be replaced by P2. Putting S' =RS, we derive

P3 = (P-1S')m = S'n = (RS')k = 1.

Hence

(1.15) (3, m | m, ife) <~ (3, m | ¿, w) ~ (3, /fe | w, n).

By (1.14) and (1.15),

(1.16) (3, m\2, k) collapses if m j¿ k,

but

(1.161) (3, w I 2, w) ~ [3, m]'

(finite when m<6).

When m = 5 and m = 2, (1.12) takes the form

55 = T2 = (sry = (52P)* = 1.

Putting 5'=52, we derive

5'5 =72 = (5'»r)' = (5T)* = 1.

Here, S'ST may be replaced by S'2T (conjugate to its inverse). Hence

(1.17) (l,5\2,k)~(k,5\2,l).

By (1.16) and (1.17),

(1.18) (k, 5 I 2, 3) collapses if k ?* 5,

but
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(1.181) (5, 5 | 2, 3) ~ [3, 5]'

(where [3, 5]' is the icosahedral group).

Consider now the group (I, m\2, 2), defined by

Rl = Sm = (RSy = (R~lS)* = 1.

Let U=SR, V = R-1S, and suppose that m = 2q+l. Then

5-1   _  Sm-1   „ 523  =   (UV)*,

and

r . 5-ir/ m (uvyu.

Since Í/2 = V2 = 1, it follows that P2 = 1. Hence

(1.19) (I, m\2,2) collapses if I > 2, m odd.

We have already seen (1.142) that (2, m | 2, 2)~[w]. The case when / and m

are both even will be considered for general values of m and k.

1.2. The criterion for finiteness, when / and m are even. The group

(/, m\n, k) clearly possesses an automorphism which replaces the genera-

tors P and 5 by their inverses. Let T denote an involutory operator which

transforms the group according to this automorphism. By adjoining T, we

derive the new group

(1.21) P' = S™ = T2 = (RT)2 = (ST)2 = (RS)n = (R-lS)k = 1,

whose order is twice that of (l, m \ n, k).

Now suppose that I and m are even, and consider the group generated by

reflections*

72 = L'2 = M2 = M'2 = (LL')'i2 = (MM')m>2

(1.22) = (LM'Y = (ML'Y = (LU)" = (L'U'Y = 1.

This possesses an automorphism which interchanges L and V', M and U'.

Let T denote an involutory operator which transforms the group according

to this automorphism. We adjoin T by inserting the extra relations

* Coxeter [4]. In that paper, Lemmas 1 and 2 are unnecessary. In the proof of Lemma 3, after

obtaining the invariant formX)c,y,2, we can introduce a euclidean metric by writing x¡=Cjlllyj.
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F2 =1, LT = TV   = R (say),

MT = TM' = S (say).

The generators L, L', M, M' may now be eliminated by substituting

L = RT,       L' = TR,       M = ST,       M' = TS;

and the augmented group takes the form

T2 = (RT)2 = (ST)2 = Rl = Sm

= (RS)n = (R-'S)" = 1,

which is the same as (1.21).

// / and m are even, (l, m | », k) has the same order as the above group gener-

ated by reflections, both being subgroups of index two in the same larger group.

This result enables us to assert that (/, m\ », k) never collapses, as long as

/ and m are even and greater than 2 (see (1.14)*). Moreover, it provides a

definite criterion for finiteness. For we knowf that the group generated by

reflections (1.22) is finite or infinite according as A is or is not positive, where

1 — cos 2t/1 — cos ir/k — cos tr/n

— cos 2t/1 1 — cos 7t/» — cos v/k

— cos ir/k — cos 7r/» 1 — cos 2ir/m

— cos ir/« — cos ir/k — cos 2v/m 1

=  {(14- cos 2t/1)(1 + cos 2ir/m) — (cos x/» — cos tr/k)2}

■ {(1 — cos 2t/1)(1 — cos 2r/m) — (cos ir/» + cos v/k)2}

= (2 cos ir/l cos rc/m + | cos ir/n — cos ir/k \ )

■ (2 cos it/I cos ir/m — | cos 7r/w — cos ir/k \ )

■ (2 sin t/1 sin w/m + cos 7r/w -f- cos ir/k)

■ (2 sin t/1 sin ir/m — cos ir/n — cos v/k).

Of these four factors, the first three are essentially positive (I, m>2), the

first and third obviously, and the second because /• and m, being even, must

be at least 4, so that

2 cos x/l cos ir/m = 1 — \ cos v/n — cos ir/k \.

Thus the criterion for finiteness reduces to

(1.23) 2 sin t/1 sin 7r/w > cos t/h + cos T¡k.

* If I = 2, the g.g.r. has only three generators, since V = L. It follows, even from the present point

of view, that, to avoid collapse, we must have n = k.

t Coxeter [l], p. 137; [2], p. 602; [4], p. 24.
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1.3. Particular cases. The finite groups, according to this criterion, are

(2i, 2/ | 2, 2), (4, 4 | 2, k), (4, 6 | 2, 3), (4, 8 | 2, 3).

The orders of these are equal to the orders of the groups generated by reflec-

tions*

[i,2,j],   [k,2,k],  [3,3,3],  [3,4,3],

namely 4¿/, 4P, 120, 1152.
The group (2i, 2/12, 2), defined by

52i = T2 = (ST)2i = (S2T)2 = 1,

has an invariant cyclic subgroup of order/ (generated by S2), whose quotient

group is the dihedral group of order 4i. (It has also, of course, a cyclic sub-

group of order i, whose quotient group is the dihedral group of order 4/.) Re-

turning to the definition in terms of P and S, we easily verify that (2i, 2/1 2, 2)

is generated by the permutations t

.        . (F = (ai a2  • • •   a2i)(bi b2j)(b2 b2j-X) ■ ■ ■ (bjbi+x),

{S = (bx b2   • ■ ■   b2j)(axa2i)(a2a2i-X) ■ ■ ■ (a¿a¡+i).

The group (4, 412, k) is well known as one of the groups of genus one.%

It is generated (when k >2) by the permutations

(1.32)       P = (1 2 3 4)(5 6 7-8) • • • ,        S = (1 2)(3 4 5 6) • • • ,

where the final cycles (of two or four numbers) end with 2k.

The group (4, 6 | 2, 3) is the symmetric group of degree five,§ generated by

the permutations (1 4 2 5), (1 5)(2 3 4).

The group (4, 8 | 2, 3) has a central of order two|| whose quotient group is

generated by the permutations (1 8)(2 7 3 6)(4 5), (1 6 3 7 4 5 2 8).

For all larger values of m and k, and for all larger even values of I and m,

(I, m\n, k) is infinite; for example, (4, 4 13, 3), (4, 612, 4), (6, 6|2, 3), and

(4,1012, 3) are infinite.

* Todd [l ], p. 224, (4). Their graphical symbols (Coxeter [4], p. 21) being disconnected, the first

two of these are direct products of dihedral groups, namely [i]X [j], [k]~X. [k].

f In this case
L = (ai Oîi_i)(oa Oii-i) ■ ■ ■ (a,-_i a,-+1),    L' = (a¡ 02i)(a3 02i_i) • • • (a< a¡+t),

M and M' are analogous, with b and./ in place of a and i, and

T = (a, an) (at 02(_i) • • • (di Oi+i)(6i 6s,)(6s fty-i) ■ ' ■ (b,- b,+i).

t Edington [l ], pp. 197-202. In this case L= (2 4)(6 8) • • • , M= (4 6)(8 10) • • • , L'= (1 3)(5 7)
•••,M' = (3 5)(7 9) ••-,andr=(12)(3 4)(5 6)- •• .

§ In this case L= (1 2), M = (2 3), M'=(3 4), L'= (4 5), and T= (1 5)(2 4). For the geometrical

aspect, see Coxeter [7], p. 49.

|| Since the polytope {3, 4, 3} has central symmetry.



82 H. S. M. COXETER [January

1.4. The criterion when / and k are even and « = 2. We observe that the

criterion (1.23) remains valid when 1 = 2 and n = k; it then has wider scope,

since m may be odd. Moreover, it agrees with the fact that (3, m\2, m) is

finite only when m<6. This suggests its possible significance in yet other

cases. We shall see that it is applicable to the whole class of groups (/, m\ 2, k)

for which I and k are even, and greater than 2, while m>3 (but may be odd).

According to the criterion, (I, m\2, k) should be finite when l = k=4

and m = 5, but infinite for all greater even values of / and k, and for all

greater values of m. Elsewhere* we saw that the group (2px, m \ 2, 2p2) is

finite when m = 5 and px = p2 = 2, but infinite for all greater values of m, px, p2.

Since the argument is rather subtle, an outline of it is repeated here.

From the group generated by reflections

(1.41) R? = (PiPi+i)''2 = (RiR^2yi2 =1, R^m = Ri

(implying l = k when m = 3), we derive the group

5- = Ra2 = (RoS-'RoS)1'2 = (RoS-WoS2)"!2 = 1,

whose order is m times as great, by adjoining an operator S, of period m,

which cyclically permutes the P's (so that Ri = S~iR0Si). The augmented

group and (l, m\ 2, k) are of the same order, having a common subgroup of

index two. The group (1.41), and so also (I, m\ 2, k), is infinite when m>5,

since P,P,+s is then of unspecified (and therefore infinite) period. It is known

also to be infinite when m = 5 and 1/2 or k/2 >2.

When »2 = 5 and l/2 = k/2 = 2, (1.41) is the abelian group of order 32 and

type (1, 1, 1, 1, 1), generated (say) by the transpositions

Ri=(ii + 5), ¿ = 0,1,2,3,4.

Hencef (4, 512,4), of order 5 X32 = 160, is generated (in the form (1.12)) by

the permutations

(1.42) 5 = (0 1 2 3 4)(5 6 7 8"9),        F = (1 9)(2 8)(3 7)(4 6).

(The "common subgroup" is generated by S and (0 9 8 7 6) (5 4 3 2 1) ; T inter-

changes these.)

1.5. Theorem A. We summarize the results of §1.1, §1.2, and §1.4 in the

-bllowing theorem :

Theorem A. The groups (2, m\n, k) for n^k, (3, m\2, k) for m^k,

(5, m\ 2, 3) for m¿¿5, and (I, m\2, 2) for l>2 and m odd, all collapse. Apart

* Coxeter [ó], p. 284, (4.9).

t Coxeter [6], p. 284.
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from these cases, if I and m are even, or if I and k are even* and m = 2, the group

(I, m\n, k) is finite when

2 sin r/l sin n/m > cos ;t/m + cos ir/k,

and infinite otherwise.

The groups which this theorem shows to be finite are

(l, m | 2, 2) (I and m even), (2, 2 | n, n),

(2, 4 ¡3, 3),    (3, 4| 2,4),    (4, 4 \2,k),

(4, 5 | 2, 4),    (4, 6 | 2, 3),    (4, 8 ¡2, 3).

(See Table I, at the end of the paper.)

1.6. Other groups that satisfy the criterion. The remaining solutions of

(1.23) are

(2, 3 | 4, 4),    (2, 3 | 5, 5), (2, 5 | 3, 3),

(3,f»|3,3) (m < 6), (3,3 \3,k),

(3, 3 ¡4, 4),    (3, 4 | 3, 4), (3,5 ¡2,5),

(4, 5 | 2, 5),    (4, 7 | 2, 3), (5, 5 j 2, 3).

By (1.141),

(1.61) (2, 3 | 4, 4)~ [3, 4]'~G4!,

the octahedral group. Similarly, by (1.141), (1.161), and (1.181),

(1.62) (2, 5 | 3, 3) ~ (2, 3 | 5, 5) ~ (3, 5 | 2, 5) ~ (5, 5 | 2, 3) ~G6!/2,

the icosahedral group.

The group (3, 3 13, k) is another of the groups of genus one.f It is generated

by the permutations

(1.63) (1 2 3) (4 5 6) ■■■(■■ 3k),        (3k 1 2)(3 4 5) •■•(■• 3k - 1),

and is of order 3k2. By (1-15),

(1.64) (3, k | 3, 3)~(3, 3 \ 3, k).

Millerî proved that (3, 3 14, 4) is Klein's 168-group, generated by permu-

tations of the form

(1.65) P = (0 1 °o)(2 6 4),        S = (0 2 3)(1 6 5),

* Perhaps (5, m \ 2, 3) should not have been mentioned, since its / and k are odd; but it seemed

desirable to bring together all the known cases of collapse.

fEdington [l], p. 208.
Î Miller [1], p. 364.
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which are equivalent to the linear fractional substitutions

(jzri)'    (4* + 2) (mod7)-

By enumerating cosets* of the octahedral subgroup generated by RSR and S,

we easily verify the order 168 and obtain the alternative representation

F = (1 2 3)(4 5 6),        S = (2 3 4)(5 7 6).

The group (4, 71 2, 3) is the same, since it can be derived from Burnside'st

S2 = S77= (S7S2f = (SÎSi)* = 1

by putting S7=S2, S* = T. Thus

(1.66) (3, 4 | 3, 4) ~ (3, 3 | 4, 4) ~ (4, 7 | 2, 3) ~ ^(7).

Finally, by (1.17),

(1.67) (4, 5 | 2, 5) ~ (5, 5 | 2, 4) ~G«,,,

(5, 512, 4) having been usedj as an example to illustrate the "Todd-Coxeter

method" for enumerating cosets.

These results show that (I, m\n, k) is finite (or collapses) whenever (1.23)

is satisfied; that is, whenever

2 sin t/1 sin ir/wi > cos 7r/w -f- cos T¡k.

Hence we obtain the following theorem:

Theorem B. For all infinite groups (I, m\n,k),

2 sin t/1 sin T¡m ^ cos ir/» 4- cos T¡k.

1.7. Finite groups which violate the criterion. The converse is false, since

(5, 51 2,4), which violates (1.23), is the same group as (4, 5 12, 5), which satis-

fies it. So too, (3, »î|3, 3) violates (1.23) when m — 6, although (3, 3 13, k)

satisfies it universally. We proceed to describe six further cases, namely:

(1.71) (3, 3 | 4, 5) ~ (3, 4 | 3, 5) —■ (3, S | 3, 4), of order 1080,

(1.72) (6, 7 I 2, 3) ~(7, 7 | 2, 3)^^(13),§

(1.73) (4, 9 | 2, 3)-^(17).

* Todd and Coxeter [l].

t Burnside [l ], p. 422.

j Todd and Coxeter [l], p. 31, (5).

§ The fact that (6, 712,3) and (7, 7 12,3) are finite, while (6.612,3) is infinite,shows that any at-

tempt to "improve" the criterion would be futile.
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The group (3, 314, 5) shows the efficiency of the Todd-Coxeter method

so clearly that I shall perhaps be forgiven for writing out the work in full.

Taking the icosahedral subgroup generated by RSR and S (and using rows

instead of columns), we proceed with the enumeration of cosets as follows:

R     R

l
4

7
10
13

16

2
5
8

11
14

17

3
6
9

12
15
18

1
4
7

10
13

16

1
2

5
6
9

12
15
18

1
3

7
11
16
13
15
18

1
4

10
8

17
14
15
18

1

2
5
6
9

12
15
18

1

2
11
16
15
18

2
3

12
17
13
16

3
4

13
9

14
17

1
5

14

7
15
18

1
7

12

10

15
18

2
8

10
11
13
16

3
6
5
8

14
17

1
4

6
9

15
18

1
2

11
16
15
18

(1.74)

This verifies the order, 18X60 = 1080, which was first obtained by Miller,*

and gives us the permutations

ÍR = (1 2 3)(4 5 6)(7 8 9)(10 11 12)(13 14 15)(16 17 18),

{S = (2 3 4)(5 7 10)(6 11 8)(9 16 17)(12 13 14).

(To see how much labor has been saved, compare pages 365-368 of Miller's

paper.) The permutation

Z = (1 15 18)(2 13 16)(3 14 17)(4 12 9)(5 10 7)(6 11 8)

= (R^S-'RSy(1.741)

generates the central, of order three, whose quotient groupf is the alternating

group G6i/2, generated by (1 2 3) (4 5 6) and (2 3 4).

The groups (6, 71 2, 3) and (7, 71 2, 3) are equivalent to definitions for

$i(13) which were given by Brahana and Sinkov, respectively. { Identifying

»Miller [l], p. 368.
f (3, 314, 5; 5), in the notation of the footnote to p. 74 above.

Î Brahana [2], p. 354; Sinkov [l], p. 239; Coxeter [7], p. 56.
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our T with theirs, namely

(1.75) F = (1 12)(2 11)(3 10)(4 9)(5 8)(6 7),

we find that the other generator of (6, 712, 3) or (7, 712, 3) (namely, S) is,

in Sinkov's notation,* (SXXT)3 or (SX3T)3, respectively. Thus (6, 712, 3) is gen-

erated by T and

(1.751) 5 = (0 3 108 2 5 9)(1 6 7 oo 11 124),

while (7, 712, 3) is generated by the same F and

(1.752) S = (0 12 9 1 11 10 5)(2 3 7 8 6 °o 4).

In the case of (4, 91 2, 3), by enumerating the 272 cosets of the cyclic sub-

group generated by S, I found the order to be 2448. This irresistibly suggested

(1.73), which Sinkov showed to be true.f He cited two linear fractional sub-

stitutions (mod 17) which lead to the permutations

5 = (0 6 10 14 3 4 15 5 16)(1 13 «> 7 2 12 11 9 8),

F = (1 16) (2 15) (3 14) (4 13) (5 12) (6 11) (7 10) (8 9).

Although there are, as we have seen, infinitely many finite groups which

violate the criterion (1.23), it still seems improbable that all the unknown

groups (/, m\n, k) will turn out to be finite. On the contrary, my conjecture

is that they are all infinite. We shall see later (2.67) that (3, 3|4, 6) is cer-

tainly infinite.

Chapter II. (/, m, n; q)

2.1. Various forms of the abstract definition. The group (/, m, w; q), de-

fined by

(2.11) R1 =Sm = (RS)" = (R-'S-iRS)* = 1,

involves the numbers /, m, « symmetrically, since its definition is equivalent

to

(2.111) Rl = Sm = F" = RST = (TSR)« = 1.

When « = 2, so that RS=S~1R-\ we havej RS~1R-1S=R2S2. Hence

(2,1, m;q) is defined by

(2.12) Rl = Sm = (RS)2 = (R2S2)" = 1.

When m = 3 and » = 2, so that TR~1T=RTR, we have TR~1TR=RTR2,

* Sinkov [3], p. 71.1 have replaced Sinkov's symbols 13 and 14 by 0 and «>, respectively,

t Coxeter [7], p. 56.
JEdington [l], p. 195.
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which is conjugate to R?T. Thus the definition

Ri = T2 = (TRY = (TR-lTR)o = 1

for (2, 3, /; q) is equivalent to

(2.13) P1 = T2 = (RTY = (R3T)" = 1.

2.2. The abelian case (? = 1). We proceed to prove that (I, m, n; 1) col-

lapses unless it is of the form (bed, cad, abd; 1), w'rere a, b, c are co-prime in

pairs, and that it is then the direct product of cyclic groups of orders abed

anda.
Consider the abelian group (I, m, n; 1) in the form

(2.21) Rl = Sm= (RSY = 1,        RS = SR.

Let N denote the least common multiple of I and m. Then

(RSY = IPS" = 1;

so N must be a multiple of m (or the group would collapse). Thus, on account

of the symmetry between I, m, n, each of these three members must divide

the least common multiple of the other two.

Let mn/l =X, nl/m =¡x, lm/n = v. Then l2=p.v, m2 = vk, m2 =\¡í; so we may

write \ = a2d, p. = b2d, v = c2d, where a, b, c, d are positive integers. Thus

(2.22) I = bed,        m = cad,        n = abd.

By absorbing into d any common factor of a, b, c, we may suppose* that

(a, b,c) = l.

Further, since N = abed/(a, b) must be a multiple of n = abd, c must be a

multiple of (a, b). Hence (a, b, c) = (a, b) and

(2.23) (b, c) = (c, a) = (a, b) = 1.

We are thus led to consider the group Rbci = Scad = (RS)abd = 1, RS = SR,

where a, b, c are co-prime in pairs. Accordingly, we may choose (positive or

negative) integers a, ß, y, a', ß', y', such that

ab - ßa = 1, ya - a'c = 1, ß'c - y'b = 1.

Then

(Rßa£ab\abcd — <ja*b*cd  =  £(ßa+l)2cd  —  ¿¡cd

(Rßa^ab~\ß<:ad = J£ß2a2cd   =   R(ab-l)2cd  =   Red

(Rßa£ab\yabd = R(ßa-ab)yabd   —  R-(a'c+Dbd  —  R-bd

(RfiaC¡ab\f'abd = £(ab—ßa)y'abd _ £(ß'c—l)ad = $-ad

* Following the usual notation, we let (a, b, ■ ■ • ) denote the greatest common factor of a, b,
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and therefore

Ri   =   R<ß'e-y'b)d   =   (Rßa(;abyß'ßc+y'yb)ad

$d  =   (Hya-a'c)d  —   (J^ßa^ab\-(.yy'a+a'ac)bd

(RS)d  =   RdSd   =   (RßaSab)iß'ßa~a'ab)cd.

Since S=RßaSab(RS)-ßa, it follows that every operator of the group is ex-

pressible in the form

(Rß'Saby(RS)", 0 = y < d,

and that the group is the direct product of cyclic groups, of orders abed and d,

generated by

Rßa$ab /RßaC;abya'ab-ß'ßa)cRß _

Thus, under the condition (2.23),

(2.24) (bed, cad, abd; 1) ~ [abed]' X [d]',

the product of two cyclic groups.

2.3. The polyhedral groups and (2, 3, 7;q). When l = m = 2, the last rela-

tion of (2.11) is (P5)2" = l; so (2, 2, n;q) collapses unless either « = 2q, or » = q

and « is odd. In the former case we have the dihedral group

(2.31) (2, 2, 2q;q)~[2q],

and in the latter,

(2.311) (2,2,?;î)~[g], g odd.

The definition (2.13) enables us easily to evaluate q for the polyhedral

groups [3,1]',(/<6), regarded as (2, 3,1; q). For the tetrahedral group (1 = 3),

R?T=T; so q = 2. For the octahedral group (1 = 4), R3T=(TR)-1; so q = 3. For

the icosahedral group (1 = 5), R3T=(TR2)~1; so

(2.32) (2,3, 5;g)~(3,5|2,?),

whence, by (1.16), ^ = 5. Thus

(2.33) (2, 3, 3;2)~[3, 3]'~G4!/2,

(2.34) (2, 3,4;3)~ [3,4]'~Gtl,

(2.35) (2, 3, 5;5)~ [3, 5]'~G6!/2.

In each case, any other value of q would cause collapse.

In the form (2, 3, 5; q)~(q, 5| 2, 3) (see (1.17)), (2.32) remains true when
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the fives are replaced by sevens, although the obvious generalization fails.

For, writing S2 for P in (2.13) with / = 7, we obtain

57 = j* = (52j)3 = fSTy m !_

Thus

(2.36) (2, 3, 7;?)~fa, 7 | 2, 3).

This provides an elegant proof for Brahana's result* that (2, 3,1; q) col-

lapses when q = 2, 3, or 5. (We use (1.14), (1.16), and (1.18), respectively.)

His definition f
Qa = i?7 =  (QRiy = (QR*y =  1

is equivalent to (2.13) (1 = 7) with T = QR?.

By (2.36) and (1.66),

(2.37) (2,3, 7;4)~^i(7).

In the form

Al= a\= (AxaS = (AiAÎ)'= 1

(see (2.12)), this definition was given by Dyck.J Thus (2.36) (with q = 4) re-

lates Dyck's definition to Burnside's.

By (2.36) and (1.72), we have

(2.38) (2,3, 7;6)~(2,3,7;7)~?,(13).

These definitions are due to Brahana and Sinkov, respectively. § By (1.75)

and (1.751), (2, 3, 7; 6) is generated by

(R = (0 10 2 9 3 8 5)(1 7 11 4 6 00 12),
(2.39) I

\T - (1 12)(2 11)(3 10)(4 9)(5 8)(6 7);

and by (1.752), (2, 3, 7; 7) is generated by the same T and

(2.391) R = (0 9 11 5 12 1 10)(2 7 64 3 8 00).

Sinkov has shown|| that (2, 3, 7; 8) has a factor group of order 10752.

When written as a factor group of (8, 71 2, 3), this takes the form

R* = S7 = (RS)2 = (R-*Sy = (R2S4Y = 1.

2.4. A lemma on automorphisms. We shall often have occasion to use the

following general principle, which the reader will have no difficulty in proving.

* Brahana [2], pp. 350, 352.

t Ibid., p. 349; quoted by Sinkov [3], p. 68.
Î Dyck [l], p. 41; Burnside [l], p. 422.
§ Brahana [2], p. 354; Sinkov [l], p. 239.

|| Sinkov [5].
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If a group G is augmented by the adjunction of an operator F, of period »,

which transforms G according to an inner automorphism of the same period,

and if the order of the central of G is prime to », then the augmented group is

the direct product G X {T}.

The necessity* for mentioning the central is illustrated by the following

example, due to R. Brauer. Let G be the trigonal dicyclic groupf (of order 12),

B* = C4 = 1, c~1BC=B-1, with generators P = (l 2 3), C=(2 3) (4 5 6 7).

Then the operator F = (2 3) transforms G in the same manner as C. But

[B, C, T], being generated by (1 2 3), (2 3), and (4 5 6 7), is the direct prod-

uct of the symmetric group of order six and the cyclic group of order four (not

the direct product of the dicyclic group and the group of order two).

2.5. The derivation of (2, m, m; q) and (2, m, 2«; k) from (4, m| 2, 2q) and

(m, m\n,k). The group R>» = Sm= (RS)" = (R2S2)" = (R^S)* = 1 has an auto-

morphism which interchanges the generators. We adjoin an involutory

operator T, which transforms the group according to this automor-

phism. Substituting TST for R, we obtain the augmented group in the

form*. Sm = T2=(ST)2n=(S2T)2^ = (S-1TST)k = l. This result provides two

useful lemmas, the first by ignoring k and putting » = 2, the second by ignor-

ing q :

(2.51) (2, m, m; q) is a subgroup of index two in (4, m \ 2, 2q).

(2.52) (2, m, 2«; k) contains (m, m\n, k) as a subgroup of index two.

Since (m,m\n, k)~(m, m\ k, »), it follows that the two groups (2, m, 2n;k),

(2, m, 2k; ») have the same order. Since (m, m\k, ») is derived from

(m, m\n, k) by writing P_1 for R, we may say that (2, m, 2k; n) is derived

from (m, m\n, k) by adjoining an involutory operator T', which transforms

S into P-1 (and R into S"1).

In particular,! since (4, 412, k) is of order 4k2, both (2, 4, 4; k) and

(2, 4, 2k; 2) are of order 8k2. The order of (2, 4, 2k; 2) can alternatively be

deduced from that of its subgroup (2k, 2k \ 2, 2) which was described in §1.3.

Again,|| (2, 3, 6; k) and (2, 3, 2k; 3) are of order 6k2, since both contain

(3, 313, k) as a subgroup of index two.

By (2.51), (2, 4, 4; k) is a subgroup of index two in (4, 41 2, 2k), and

(2, 5, 5; 2) in (4, 5 | 2, 4). By (1.42), it follows that^ (2, 5, 5; 2), of order
eighty, is generated by

* Pointed out by a referee.

t In terms of BC2 and C, this group has the simpler definition 43=C2= (AC)2.

t That is, (2m, m | 2, 2q;k).

§ Edington [l], p. 197; Sinkov [2], p. 79.

|| Edington [l], p. 207; Sinkov [2], p. 82.

H Coxeter [ó], p. 284.
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(2.53) 5 = (0 1 234)(56789),        TST = (0 9 8 7 6) (5 4 3 2 1).

91

A number of special applications of (2.52) may conveniently be arranged

as columns of a table:

(m, m\n, k) (5, 5 12, 3)—Gsi/« <3,3|4,4)~*i(7)

5
(21345)
(12 3 4 5)

(0 1 oo)(2 6 4)

(0 2 3)(1 6 5)

Automorphism (R, S)

Automorphism (Sr1, S)

(12)

(outer)

(3 5)

(outer)

(1 2)(3 «)(4 5)

(outer)

(2, m, 2«; k)

(2, m, 2k; n)
(2, 4, 5; 3)~GS|*

(2, 5, 6; 2)~G6i

(2, 3, 8; 4)~$,(7)

{m, m\n,k) (5, S | 2, 4)—Gel« (7, 7|2,3)MS,(13)

R
S

(16 5 4 3)f
(12 3 4 5)

(0 5 7 8 10 2 1)(3 11 4 12 9 oo 6)
(501291 11 10X423786 oo)

Automorphism (R, S)
(2 6) (3 5)

(inner)

(0 5)(1 10)(2 11)(3 4)(6 oo)(7 12)(8 9)

(outer)

Automorphism (R~l, S)

(degree greater than 6)

(outer)

(0 oo)(14)(3 10)(5 6)(7 8)(9 12)

(inner) J

(2, m, 2m; k)

(2, m, 2k; n)
(2, 4, 5; 4)~G,i«XG2
(2, 5, 8; 2)(see below)

(2, 4, 7; 3)~f5i(13)
(2, 6, 7; 2)~<ß,(13)XG2

* Burnside [l], p. 422.

t Todd and Coxeter [l], p. 31.

Í Since 52i?-2= (0 4 oo 8 12 10 2)(1 7 9 6 3 5 11), the relations 57= r'2= (5T')«= (S^T'ST'Y^ 1
imply (ST)u"i. Hence (6, 7 12, 7; 2)~Ç,(13).

In each of these cases, (m, m \ n, k) is a simple group; so the order of its

central is 1. The interchange of P and 5 (or of R"1 and S) is usually recogniza-

ble as an inner or outer automorphism according as it is an even or odd per-

mutation.
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In describing (2, 3, 8; 4) and (2, 4, 7; 3), we appeal to the theorem (of

Schreier and van der Waerden) that the group of isomorphisms of tyx(p)

(p prime) is %x(p). It is the same theorem which enables us to assert that the

even permutation (0 °o)(l 4) (3 10) (5 6) (7 8) (9 12) transforms %(13) accord-

ing to an inner automorphism.

In the case of (5, 5 | 2, 4), since P_1 and S are not interchanged by any

permutation of degree six, T' transforms G6!/2 according to an outer auto-

morphism of Go\. In other words, (2, 5, 8; 2) (of order 720) is the nonsymmetric

subgroup of index two in the group of isomorphisms of G6¡. It is easily verified

that the following permutations of degree ten satisfy the defining relations

for (5, 5 | 2, 4) and so generate Go\p:

R = (4 7 83 0)(9 6 12 5),
(2.54) V

5 = (0 1 2 3 4)(5 6 7 89).

In this representation, P_1 and 5 are interchanged by

T' = (0 5)(1 2)(3 6)(4 9)(7 8).

Hence (2, 5, 8; 2) is generated by the permutations 51 and T'.

Finally, let us apply (2.52) to Miller's group (3, 3 |4, 5), of order 1080, so

as to derive (2, 3, 8; 5) and (2, 3, 10; 4), of order 2160. Since, in (1.74), the

permutation R involves six cycles, while 5 involves only five, the transforma-

tions effected by F and T' are outer automorphisms of (3, 3 14, 5). But the

combined operator TT', which transforms R and S into their own inverses,

behaves like the permutation

(2.55) F = (2 3)(5 6)(7 8)(10 11)(13 14)(16 17).

The generators

Ri = (1 2 3)(4 5 6),        Si = (2 3 4),

of the central quotient group of (3, 3 |4, 5), are transformed into their own

inverses by

(2 3)(5 6.) = (RiSiy(SiRiy(RiSiy(SiRxy(RxSx)2.*

It is easily verified that

(Rsy(SR)2(Rsy(SRy(Rsy = p.

Hence the transformation effected by TT' is an inner automorphism of

(3,3 14, 5), and

(2.56) (2, 3,8; 5) ~ (2, 3, 10; 4).

* For this expression I am indebted to Dr. Sinkov.
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By (2.13), (2, 3, /; q) is the group of the skew polyhedron* {3,1 \, q]. Hence

the two polyhedra {3, 8|, 5} and {3, 101, 4} have the same group, as was

implied in Table II t at the end of Regular skew polyhedra in three and four

dimensions, and their topological analogues.

We have already remarked (1.741) that (3, 3 |4, 5) has a central, of order

three, generated byt Z = (P-15-1P5)5. Since T (and likewise T') transforms

this operator into its inverse, the group of order three generated by Z, re-

garded as a subgroup of (2, 3, 8; 5) or (2, 3, 10; 4), is no longer central

although of course it is still invariant. Its quotient group, of order 720, is

derived from G6¡/2 by adjoining an operator which transforms the latter ac-

cording to an outer automorphism of G6\, that is,

(2.57) (2, 3, 8;5)/G3~(2, 5, 8; 2).

In fact, the generators of G6i/2, as permutations of degree ten, take the form

of

Pi = (0 2 7)(1 8 4)(5 6 9),        Si = (9 7 2)(8 1 5)(4 3 0).

These are interchanged by

Ti= (0 9)(18)(2 7)(3 6)(4 5).

It is easily verified that Si and Pi satisfy the relations

SiS= Ti = (SXTX)S = (SiViSiP!)6 = 1.

2.6. The criterion for finiteness. By applying (2.51) and (2.52) to the gen-

eral groups considered in Theorem A, we deduce the following theorem:

Theorem C. If q > 1 and 1/m+l/n = 1/2, and if m and n are either even or

equal (or both), the group (2,m,n;q) is finite when

(2.61) cos 2x/m + cos 27t/m + cos r/q < 1,

and infinite otherwise.

For example, (2,4, 6; 3), (2, 6, 6; 2), and (2, 5, 5; 3) are infinite. The condi-

tion l/m+l/n^l/2 is inserted in order to exclude the polyhedral groups of

§2.3, for which q is a function§ of m, n.

The groups (2, 4, 2k; 2), (2, 4, 4; q), and (2, 5, 5; 2) are the only finite

groups which satisfy all the conditions of Theorem C. If we allow m, n to be

* Coxeter [7], p. 59.

t Ibid., p. 61.
î Cf. Miller [l], p. 365, where Z is expressed in the form S{ (S"1.R)*(5.R-1)2}2S-1.

§ See (4.71), below.
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unequal and (one or both) odd, we find that the criterion (2.61) admits the

groups

(2,3, 2k; 3), (2,3,6; q), (2,3,7; 4),

(2, 3, 7; 5) (collapsing), (2, 3, 7; 6),

(2,3, 8; 4),      (2, 4, 5; 3),    (2, 5, 6; 2),

which we have already discussed, and admits also the following further pos-

sibilities :

(2, 3,«; 2),    (2, 3, 9; 4),    (2, 5, 7; 2),

(2, 3, «; 3) (» odd),    (2 4, n; 2) (n odd).

Sinkov has proved* that (2, 3, «; 2) for »^3, 6, (2,4, n; 2) for » odd, and

(2, 3, «; 3) for » odd, all collapse. Since (2, 4, »; 2) contains («, » 12, 2) as a

subgroup of index two, the collapse of (2, 4, »; 2) (» odd) can alternatively

be deduced from (1.19). For the collapse of (2, 3, 9; 4) and (2, 5, 7; 2), see

the Appendix; in both cases the enumeration of cosets by the Todd-Coxeter

method soon breaks down.

These results show that (2, m, n; q) is finite (or collapses) whenever (2.61)

is satisfied. Hence we have the following theorem:

Theorem D. For all infinite groups (2, m,n;q),

(2.62) cos 2T¡m + cos 2x/» 4- cos T¡q = 1.

We saw, in §2.2 and §2.4, that the groups

(2, 3, 7; 7), (2, 3, 8; 5) ~ (2, 3,10;4), (2,4, 5; 4), (2,4, 7; 3), (2, 5, 8; 2), (2, 6, 7; 2)

are finite, although they satisfy (2.62) (see §1.7). There are at least two fur-

ther cases of this kind. By enumerating the 380 cosets of the subgroup of

order nine generated by S, I found the order of (2, 5, 9; 2) to be 3420. Since

the defining relations

59 = T2 = (5r)6 = {s-iTST)2 = 1

are satisfied by the linear fractional substitutions

S=(-3x),        T = (--j   (mod 19),

we can therefore assert that

(2.63) (2, 5, 9;2)~?1(19).

* Sinkov [2], pp. 75, 79, 82.
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As permutations, we have

S = (1 16 9 11 5 4 7 17 6)(2 13 18 3 10 8 14 15 12),

(0 7)(1 oo)(2 14)(3 17)(4 18)(5 9)(6 15)(8 11)(10 13)(12 16).

(S =

(2.64)     |r =

Again, by enumerating* the 552 cosets of the subgroup of order eleven

generated by S, I found the order of (2, 3, 11 ; 4) to be 6072. Since the defining

relations

511 = T2 = (ST)3 = (S^TSTY = 1

are satisfied by the linear fractional substitutionst

-£3

(S=(l
(2.66)<v     '\r=(o;

5 =(9*),        T = [-7)    (mod23),

we can therefore assert that

(2.65) (2,3, U;4)~$i(23).

As permutations, we have

■S=(l 9 12 16 6 8 3 4 13 2 18)(5 22 14 11 7 17 15 20 19 10 21),

13) (1 00 ) (2 22) (4 8) (5 12) (6 19) (7 16) (9 18) (10 11) (13 20) (1415) (17 21).

This result adds one to the list of finite polyhedra {l, m\, q},t namely

{3, 111, 4}, with 2024 (triangular) faces, 3036 edges, 552 vertices, genus 231,

and group PP(2, 23), of order 6072.

On the other hand, Theorem C does not cover all the infinite groups

(2, m, n; q). For, Brahana§ has shown that (2, 3, 8; 6) is infinite, whence, by

(2.52),

(2.67) (3, 3 I 4, 6),    (2, 3, 12; 4)    are infinite.

Fig. 4 (on p. 121) shows a graphical enumeration of groups (2, n, p; 2).

Known finite groups are represented by o's, known infinite groups by dots,

and known cases of collapse by crosses.

2.7. The derivation of (n, n, n; q), (3,3,3; k), (3,3,4; 3) from (3, 3 | m, 3q),

(3, 3 13, *), (3, 3 14, 4). The group

Rn = Sn = Tn = RST = (TSR)" = (RrlS)k = (S~1T)k = (T-xR)k = 1

* After some practice, such enumeration proceeds at the rate of about sixty cosets per hour.

t Cf. the substitutions S=(4z), T=[(x-5)/(x-l)] (mod 23), which satisfy S11 = T*=(.ST)i

= (5!T)3= 1. However, the order of (4, 1112, 3) is certainly greater than 6072; so ^3i(23) is a proper

factor group.

Î Coxeter [7], p. 61, Table II.
§ Brahana [4], p. 901.
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bas an automorphism which cyclically permutes the three generators. We ad-

join an operator Q_1, of period three, which transforms the group according

to this automorphism. Since T = QSQ~1 and R = Q~1SQ, the augmented group

is defined by*

Q3 = Sn „ (QSy = (0-15)*« = {S-iQ-iSQ)" = 1.

By ignoring first k and then q, we deduce two lemmas analogous to (2.51)

and (2.52) :

(2.71) (»,»,»; q) is an invariant subgroup of index three in (3, 3 \n, 3q).

(2.72) (3, 3, «; k) contains

Rn = s* = Tn = RST = (R~1S)k = (S~lT)k = (T-1R)k = 1

as an invariant subgroup of index three.

This last group reduces to something familiar in two special cases. When

« = 3, since

S-iy = S2T = SR-1,        RT-1 = R~2T~l = R~lS,

we are left with

R3 = S3 = (RS)3 = (R'1S)k = 1.

Since (3, 3 |3, k) is of order 3k2, it follows that (3, 3, 3; k) is of order 9k2.

Secondly, when « =4 and k = 3, since

SR-1 = S2T,

■ F-'F = ST2 = ST-1-!-1 = (TS-1)2^1 = TSS^S^T-1,

(S2T)2R-S2T = S2TS~]T = S*ST-lS = 5~12,~15,

we are left with

S* = r4 = (5-'F)3 = (52F)3 = 1

(compare (1.12) with S'1 for S). Since (3, 4 |3, 4)~$i(7), it follows that

(3, 3, 4; 3) is of order 504. We easily verify that $i(7), in the form

R* = S* = T* = RST = (R^Sy = (S-'T)3 = (T-'R)3 = 1,

is generated by the permutations

R = (1 3)(2 4 6 5),    5 = (2 7)(4 1 3 5),    F = (4 6)(1 2 7 5),

which are cyclically permuted by (1 2 4) (3 7 6). Since this transforms the

* That is, (3,3 |»,3?;*¡).
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simple group $i(7) according to an inner automorphism, (3, 3,4; 3) is a direct

product,* namely

(2.73) (3, 3, 4;3)~<ß,(7) XG3.

Putting 9 = 1 in (2.71), we see that the group (3, 3 \3, n), of order 3m2,

can be derived from

Rn = s» = r» = RST = TSR = 1

(which, by (2.24), is the direct product of two cyclic groups of order n) by

adjoining an operator of period three which cyclically permutes P, S, T.

(When m = 2, this is the familiar derivation of the tetrahedral group from

the four-group.) As permutations, we may write

P = (1 4 7 • • • 3w - 2) (3m 3m - 3 • • ■ 6 3),

S « (2 5 8 • ■ • 3» - 1)(3» - 2 3» - 5 • • • 4 1),

T - (3 6 9 • • • 3n)(3n - 1 3n - 4 • • • 5 2);

whence

Q-i= (12 3)(4 5 6)--- (•• 3n).

The permutations (1.63), which generate (3, 3 \3, k), are just Q~r and Q_1R

(with £ in place of n).

By (2.71) again, (3, 3, 3,9) is a subgroup of index three in (3, 3 13, 3q), and

(4, 4, 4; 2) in (3, 3 14, 6). Hence, by (2.67),

(2.74) (4, 4, 4; 2) is infinite.

2.8. Groups of genus one.t The infinite group [4, 4]', defined by

R* = S* = (RS)2 = 1,

has, as is well known,f an abelian subgroup of index four, generated by RS-1

and P-15. When represented in the usual way in the euclidean plane, these

operators appear as translations. Hence every operator of [4, 4]' is expressi-

ble in the form

S*(RS-*)*(R-*S):

The most general factor group is given by

(2.81) (RS-1)^-^)" - 1,

which takes the form (RS^R^S)" or (R2S2)" = 1 when p = q. The relation

* Since (Qr1S)3 = RTS=(l 5 2 6 3 7 4), the relations Q3=S4=(Ö5)3 = (S-1Q-15Q)3=1 imply

«3-15)21=1. Hence (3, 3 |4, 7; 3)~(3, 4 |3, 7; 3)~$,(7).

t Cf. Sinkov [4].

JBurnside [l],p. 416.
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(R^S)^ 1 implies (R2S2)« = 1, while (R2S2)« = 1 implies (R^S)2* = 1. In fact,*

(4, 4 | 2, g) is the central quotient group of (2, 4, 4; q), and (2, 4, 4; q) is the cen-

tral quotient group of (4, 4| 2, 2q). By (2.52) and (2.51), these relationships are

retained when we write "a subgroup" in place of "the central quotient group."

By (2.51) and (1.32), (2, 4, 4; q) is generated by R^SR and S (or by R

and 5_1P5),t where

(2 82) iÄ-(12 3 4)(S6 7$)...(-.-4j)f

(S = (1 2)(3 4 5 6) ...(... 4q - 2)(4q - 1 4q).

When k is odd, (1.32) shows that (4, 4 | 2, A) is generated by the permuta-

tions

(2 83) ÍÜ- (1 2 3 4) •••(... 2* - 2)(2* - 1 2k),

{S = (1 2)(3 4 5 6) ...(•.. 2*),

which are interchanged by

Tx = (1 2k - 1)(2 2*)(3 2* - 3)(4 2£ - 2) •••(*- 2 * -f- 2)(¿ - 1 k + 3).

Since

FiS2=(12¿-3 5 2¿-7 • • • 72¿-532¿-l)(22¿-262¿-6 • • • 82¿-442¿),

which is of period k, S and Fi satisfy the defining relations of (4, 4 | 2, k) ;

that is, Fi transforms (4,4 | 2, k) according to an inner automorphism. In fact,

Fi = (F2S2)(*-1)/2P2.

Now, k being odd, the central of (4, 4 12, k) is of order 1. Hence (2, 4, 4; k)

is a direct product, namely

(2.84) (2, 4, 4; *) — (4, 4 | 2, *) X G2, k odd.

We proceed to find a representation for (2, 4, 2¿; 2) (è unrestricted).

Formula (1.31) shows that (2k, 2k \ 2, 2) is generated by the permutations

(ax a2 • ■ ■ a2k)(bi b2k)(b2 b2k-i) • ■ • (bk bk+x),

(2.85)
(R = (ai

\S = (bxb2 ■ ■ ■ b2k)(ax a2k)(a2 a2k-i) ■ • • (ak ak+x),

which are interchanged by

(2.851) F = (ai bx)(a2 6j) • • • (a2k b2k).

Since both R and 5 permute the a's among themselves,  F transforms

* Sinkov [4], p. 169; Edington [l ], p. 201.
f Edington (loc. cit., p. 198) gives a representation for (4,4 12, a), of degree 4a. (Ours is of de-

gree 2a.) He describes (p. 203) the group (2,4,4; ß), of order 8/S2, but gives no representation.
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(2k, 2k | 2, 2) according to an outer automorphism. Therefore 5 and T gen-

erate (2, 4, 2k; 2). (Other permutations of the same degree were given by

Sinkov.*) When k is even, there is a central of order two which is generated by

(TSk)2 = RkSk = (ai ak+i) ■ • • (ak a2k)(bx bk+x) ■ ■ ■ (bk b2k).

When k is odd, we can obtain a representation of degree 2k (instead of 4k),

by deriving (2,4, 2k; 2) from (4, 4 | 2, k). Using the generating permutations

(2.83) for (4,4 |2, k) (¿odd), we seek a permutation which will transform P, 5

into iS-1, P_1. Such is clearly

(2.86) T' = (1 2¿)(2 2k - 1) ■ ■ ■ (k k + 1).

This transforms (4, 4 | 2, k) according to an outer automorphism, since ST'

is of period 2k although (4, 4 | 2, k) contains no operator whose period is

greater than k. Hence (2, 4, 2k; 2) (k odd) is generated by 7" and

(2.861) S = (1 2)(3 4 5 6) •■•(■•• 2k).

The infinite group

P3 = 5s = (RSY = 1

is closely analogous to [4, 4]'. It hast an abelian subgroup of index three,

generated by RS~l and P_15. When represented in the usual way in the

euclidean plane, these operators appear as translations. The most general

factor group is again given by (2.81), which takes the form (RS~1R~1S)q = l

when p = q. The relation (R~1SY = 1 implies (RS~1R-1SY = 1, while

(RS~1R-1SY = 1 implies (R^S)3" = 1. In fact,J (3, 3 13, q) is the central quotient

group of (3,3,3; q), and (3, 3,3; q) is the central quotient group of (3, 3 \ 3, 3q).

By (2.72) and (2.71), these relationships are retained when we write "a sub-

group" in place of "the central quotient group."

By (2.71) (m = 3) and (1.63), (3, 3, 3; q) is generated by QSQ-1 and S,
where

Q= (12 3)(4 5 6)--- (9(7-2 9?- 19q),

S = (9q 1 2)(3 4 5) ■ • • (9q - 3 9q - 2 9q - 1).

In the form

R3 = s* = T3 = rsj- = (R-is)k = (S~1T)k = (p-ip)* = 1,

(3, 3 13, k) is generated by

* Sinkov [2], p. 79.

tBurnside [l], p. 414.

Î Sinkov [4], p. 168; Edington [l], p. 210.
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(2.87)

R = (1 2 3)(4 5 6) • • • (3k - 2 3k - 1 3k),

S = (3k 1 2)(3 4 5) • • • (3k - 3 3k - 2 3k - 1),

F = (3k - 1 3k 1)(2 3 4) ■■■ (3k - 43k - 33k - 2).

When *=0 (mod 3), there is no permutation of 1, 2, • • • , 3k which will

cyclically permute R, S, T. When k = ± 1 (mod 3), R, S, T are permuted by

Or1, where

çf ' = (l k + 1 2k + 1)(2 * 4- 2 2* 4- 2) • • • (k 2k 3k).

Clearly

Qx S = (1 2k + 2 k + 3 4 • • • 2k - 1 k)(k 4-12 2¿4-3¿4-4---

3k - 1 2k)(k -l3k-3 2k-5---k + 53 2k+l)

or

(lk + 2 2k + 34---k-l 2>fe)(2¿ 4-12*4-3 2¿4-4---

3k - 1 *)(2* -1 3k - 3 * - 5 • ■ ■ 2k 4-53*4-1)

according as * = 1 or —1 (mod 3). Since this is of period *, Qx and S satisfy

the defining relations of (3,3 13, *) ; that is, Qx transforms (3,3 | 3, *) according

to an inner automorphism. Since * is not divisible by 3, the central of

(3, 3 13, *) is of order 1. Hence (3, 3, 3; *) is a direct product,* namely

(2.88) (3, 3, 3; *)~(3, 3| 3, *) XG3, *^0(mod3).

The generators R, S of (3, 3 13, *) ((1.63) or (2.87)) are interchanged by

either of the permutations

T = (3 3*)(4 3* - 2)(5 3k - 1)(6 3k - 3)(7 3k - 5)(8 3* - 4) • • • ,

Fi =(13*- 2)(2 3* - 1)(3 3* - 3)(4 3* - 5)(5 3* - 4)(6 3* - 6) • • •  .

The permutation F transforms (3, 3 13, *) according to an outer automor-

phism,t since ST is of period six although (3, 3 13, *) contains, in general, no

operator of that period. Hence, by (2.52), (2, 3, 6; *) is generated:): by F, and

(2.89) S = (3k 1 2)(3 4 5) •••(•• 3* - 1).

F can be replaced by Fi whenever k>2; but when k = 2, STX is of period three

instead of six, showing that (2, 3, 6; 2) is the direct product of the tetrahedral

group and the group of order two, that is, the pyritohedral group.

* See Miller [2], p. 668, for the case when k = 2.

f This can also be seen by trying to express T in the form Sn(RS~i)p(R~1S)q.

î Cf. Edington [l ], p. 205, where a representation of degree 6k is given.
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On the other hand, P_1 and 5 are interchanged by

(2.891) T' = (1 3k - 1)(2 3k - 2)(3 3k - 3) ■ ■ ■ .

This and 5 are equivalent to Sinkov's generators* for (2, 3, 2k; 3).

2.9. An extension of the criterion. Since (/, m, n; q) involves l, m, n sym-

metrically, Theorem D suggests that possibly (/, m,n;q) is finite (or collapses)

whenever

cos 2*7/ + cos 2ir/m + cos 27r/w
(2.91) ' ' '

+ (1 + 4 cos -k/1 cos w/m cos r/n) cos ir/q < 0. f

This inequality, with 1 = 2, is just (2.61). The solutions with 2<l = m = n and

q > 1 are

(3,3,3;q),       (3,3,n;2),        (3, 3, 4; 3),        (3, 4, 4; 2),       (3,4, 5; 2).

The first and third of these have already been described.

Sinkov has shown! that (3, 3, m; 2) collapses unless m = 2, 3, 6, or 12. The

relations

R3 = s3 = (R-1S-lRS)2 = 1

suffice to define (3, 3, 12; 2), of order 288. As a rotation group in four dimen-

sions § this is denoted by [3,4, 3]". It is a subgroup of index four in (4, 8 | 2,3).

Its central quotient group (3, 3, 6; 2) is the direct product of two tetrahedral

groups.|| By applying the method of §2.7 to the group

Ri = 53 = T3 = (R-isY = (S~XT)2 = (P-'P)2 = 1,

we find

3~T
3

_3_

or [31'1'1]'(of order 96)H to be an invariant subgroup in [3,4,3]".

* Sinkov [2], p. 82.

t The term 4 cos tt/1 cos ir/m cos w/n cos v/q was added on June 27,1938. Without it the criterion

would admit (3, 3, 3; ») and (3, 3, 4; 4). A proof that the latter group is infinite will be published

elsewhere. The proviso q> 1 has to be inserted because the criterion would admit (I, 00, 00 ; 1).

Î Sinkov [2], pp. 76-78.
§ Coxeter [5], pp. 68-70. The subgroup

2ju = 512 = r12 = RST = (ic-lS)2 = (S-'T)2 = (T-itf)2 = 1,

of order 96, is the rotation group whose central quotient group is no. XIV {m—2) of Goursat [l], p.

65.
|| Goursat's no. XX.

H Coxeter [l],p. 149, (16.75), n = p = q=l, ho=io=ja=3. This is the subgroup!) of Sinkov [2],

p. 76.
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The relations

F4 = S4 = (RSy = (R-^RSy = 1,

which define (3, 4, 4; 2), are satisfied by the permutations

R = (1 2 3 4)(7 8 9 10) (6 12),

5 = (4 5 6 7)(3 8 11 12)(1 9),

The icosahedron

which may be regarded as operating on the vertices of an icosahedron, as in

Fig. 1. Although R and 5 are not themselves symmetries of the icosahedron,

the combinations

RS = (1 2 8) (3 5 6) (4 9 10) (7 11 12),

S-*R = (1 10 7 12 11 9 2 3 6 5)(4 8)

are, respectively, a rotation and a rotary reflection; these generate the ex-

tended icosahedral group [3, 5], which is the direct product of the group of

order two generated by
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/ = (R^Sy = (S-iR)* = (1 9)(2 10)(3 7)(4 8)(5 11)(6 12)

and the icosahedral group generated by RS and

(R-^y = S-*RI.

Thus the order of (3, 4, 4; 2) is at least 240. The fact that it is exactly 240

may be established by enumerating the twenty cosets of the tetrahedral sub-

group generated by P-15-1 and RS.

The operator / interchanges pairs of opposite vertices of the icosahedron,

and generates the central, of order two. The quotient group,* of order 120,

is generated by the permutations

(12 3 4), (3456).

It is G6!, since the relations

r* = 54 = (jts)3 = {R-is^Rsy = (R^sy = i

are also satisfied by

(12 3 4), (5432).

To sum up, the group (3, 4, 4; 2), of order 240, has G6!/2XG2 as a subgroup,

and has a central of order two whose quotient group is Gsi; but it is not

GsrXGi (since R2S is of period twelve).

Finally, (3, 4, 5 ; 2) is isomorphic with the alternating group of degree six,

as generated by

(2.92) R = (1 4)(2 6 3 5),        S= (12 3 45).

By enumerating the thirty cosets of the tetrahedral subgroup generated by

P_15_1 and RS, we easily find that the order is just 360. Hence

(2.93) (3, 4, 5;2)~Gel/2.

Theorem D can thus be extended as follows :

Theorem D'. For all infinite groups (I, m,n; q) (q>l),

cos 2ir// 4- cos 2T/m + cos 27r/« 4- (1 4- 4 cos t/1 cos t/vi cos ir/w) cos x/ç = 0.

We observe that this expression vanishes for the infinite groups (3,3,3; <x>),

(4, 4, 4; 2).
All the known finite groups (/, m, « ; q) are collected together in Table II,

at the end of the paper.

*(4,4|3,5;2).
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Chapter III. &"•"■"

3.1. The derivation of G"1"" (p even) from its subgroup (2, m, n; p/2).

Qm.n.p means the group defined by

(3.11) Am = B" = C" = (AB)2 = (BC)2 = (CA)2 = (ABC)2 = 1.

This is symmetrical between m,n,p: for cyclic permutation, obviously; and

for transposition, by changing A, B, C into C~l, B~x, A~x, respectively. Since

ABCABC = B-iA-t-A-Kt-i-C-1»-1 = (BC2A2B)-\

the defining relations imply

(3.12) A2B2C2 = 1.

Hence, if any one of m, n, p is odd, the corresponding one of A, B, C is ex-

pressible in terms of the other two. Thus Gm-n<p (p odd) is a factor group of

(2, m, n; p).

If p is even, all the relations (3.11) involve C an even number of times;

hence the set of all operators which involve C an even number of times is a

subgroup of index two. Since

CA = A-H?-1,   C-iA-* = AC,   CB = P-'C"1,   C~lB~l = BC,   C2 = B~2A~\

this subgroup is generated by A and B, which satisfy

(3.13) Am = Bn = (AB)2 = (A2B2)p'2 = 1.

Actually, these last relations completely define the subgroup. This fact will

emerge from the following more general investigation.

The group (/, m, n; q), in the form

Sm = Tn = (ST)1 = (S^T-^TY = 1,

clearly possesses an automorphism which replaces the generators by their in-

verses. If we adjoin an involutory operator P2 which transforms the group ac-

cording to this automorphism, we obtain a larger group, say ((/, m, n; 2q)),

defined by

(3.14) R22 = Sm = Tn = (RiS)2 = (R2T)2 = (ST)1 = (R2ST)2" = 1.

To see that this involves /, m, n symmetrically, we define

Pi = SR2,        R¡ = R2T.

Eliminating 5 and T, we obtain

(3.15) Pi2 = R22 = R32 = (P3Pi)' = (RxR2)m = (R2R3Y = (-R,P2P3)23 = 1.
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This group, then, contains (l, m, n; q) as a subgroup of index two. Writing

the latter in the form (2.111), we see that

R = R3RX,        S = RiR2,        T = R2R3.

Thus each of Pi, P2, R3 transforms two of P, S, T into their inverses.

By defining U = R3R2RX, we may write (3.15) in the form

(3.16) Sm = Tn = U2" = (ST)1 = (TU)2 = (US)2 = (STU)2 = 1.

Putting I = 2, we have

((2, m, n; 2q)) ~Gm-n-2q.

Thus (2, m, n; q) is a subgroup of index two in Gm-n'2q, and the latter can be

derived from the former by adjoining an involutory operator which transforms

the (two) generators into their inverses.

When (2,m,n;q) is given in the form

Rm „ s* = (Rsy = (r2s2)o = i,

we naturally write A =R, B=S; and the involutory operator which trans-

forms these into their inverses is BCA. (For BCA ABC A =BCABC = A~1,

and BCABBCA =CABCA =B~1.) On the other hand, when the same group

is given in the form

5» = T2 = (ST)m = (S^TST)" = 1,

we write A =TS~1, B~S; and the involutory operator which transforms 5"

into its inverse, while leaving F (=AB) unchanged, is CA.

3.2. The extended polyhedral groups. The extended polyhedral group

[m, «] or*

•-•-•
m n

is defined by

(3.21) Rx2 = Ri = R32 = (RxR2)m = (F2F3)" = (P3P1)2 = 1.

If we write

A = R1.R2, B = F2F3, C = F3F2F1,

so that

Fi = BC, R2 = BCA, R3 = CA ,

this definition becomes

(3.22) Am = Bn = (AB)2 = (BC)2 = (CA)2 = (ABC)2 = 1.

* Coxeter [2], pp. 589, 619.
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Hence
[m, m] ~Gm'"-p,

where p, the period of C, remains to be determined.

This is a "group of genus zero."* If we force p to have a smaller value

than its "natural" value, we obtain the general group Gm-n-p, which is a fac-

tor group of [m, »]. When I/w + I/m^I/2, the "natural" value is infinite,

and

[m, n] ~Gm-"'°°.

For the present, however, we concentrate our attention on the case when

1/w+1/m>1/2.
Since each of the relations (3.21) involves an even number of P's, the

period of P3P2Pi, deduced as a consequence of those relations, must be even.

The ordinary (unextended) polyhedral group [m, n]' is generated by the

rotations A and B ; hence

[m, m]'~(2, m, n;p/2).

Using the values of q (q = p/2) that were found in §2.3, we see that the

(finite) extended polyhedral groups are

G2,n,2n  >n odd) t      Q2,n,n  („ eyen) (

G3,3.4)      G3,4,6j       £3,6,10

The last four of these are covered by the formula

(3.23) cos 2w/p = 1 + cos 2ir/m + cos 2ir/n.

In §4.7, we shall see that this formula has a geometrical significance, in spite

of its failure when m = 2 and m is odd.

Since G2'"'" has a subgroup (2, n, P; 1), (2.22) and (2.23) show that the

extended dihedral groups

¡G2-n-2n (Modd) )        r   ,

(3.24) { , \~\n   XG2
v       '                              \G2-"-n  (Meven)j

are the only groups of this form ; any other values for p (given n) would cause

collapse. It is clear, also, that G33-", G3-*-", G3'5'" must collapse whenever p

is not a divisor of 4, 6, 10, respectively; and we have just seen that they col-

lapse when p = 2. Apart from the extended polyhedral groups themselves,

there remains only G3'5'5. This, being a proper factor group of the extended

*Dyck [l], p. 34.
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icosahedral group G3,510, must be the icosahedral group itself.

The following generating permutations are easily verified:

Gt->-*~Gti GW^GnXGt G>.^s~Gn/S G»-«-10~G6|/iXGs

A                (3 2 1) (4 3 2)                           (5 3 2) (5 3 2)
B                (4 3 2) (12 3 4) (12 3 4 5) (12345)
C              (12 3 4) (3 2 1)(S6) (12 4 3 5) (12435)(67)

3.3. Cases in which m, n are odd, while p is even. By (2.53), the group

(2, 5, 5; 2), of order 80, is generated (in the form (3.13)) by

A = (0 1 2 3 4) (5 678 9),        F = (0 9 8 7 6)(5 4 3 2 1).

These are transformed into their inverses by

(0 5)(19)(2 8)(3 7)(4 6),

which, being an odd permutation,* may be identified with BCA. Since B is

of odd period, the whole group GifiA (or G4'8,5) is generated by A and

C = (0 3 5 8)(1 7)(2 6).

But these permutations satisfy

C4 = A* = (CA)2 = (C-lA)* = 1.

Hence

(3.31) G4'6'6~(4, 5 | 2, 4).

This may be compared with the relation

G*-3-3~(4,3 | 2, 4),

which expresses the well known simple isomorphism between the extended

tetrahedral and unextended octahedral groups.

In other cases we suppose (2, m, «; q) to be given in the form

S» = T2 = (ST)™ = (S^TST)" = 1,

where S = B, T = AB, and we derive Gm-n'2q by adjoining the operator CA

which transforms S into its inverse, leaving T unchanged. We use a tabular

arrangement, as in §2.5. (G3'3'4 and G3'6'10 have already been described; the

latter is included now for the sake of comparison.)

* The even permutation (1 4)(2 3)(6 9)(7 8) could have been used just as well, but it is less ob-

viously outside the group (2, 5, 5; 2).



108 H. S. M. COXETER [January

(2, m, n; q) (2, 3, 5; 5)~G6!/2 (2, 3, 7; 4)~ft(7)

5
r

(12 3 4 5)
(1 2)(4 5)

(0123456)
(0oo)(16)(2 3)(4 5)

Automorphism

(5, S"1)

(15)(2 4)
(inner)

(1 6)(2 5)(3 4)
(outer)

Cm.»,2g G3.M°~G5!/2XG2 G3-' -Çi(7)

(2, to, «; g) (2, 3, 7; 6)~Çi(13) (2, 3, 7; 7)~Çi(13)

5
r

(0 10 2 9 3 8 5)(1 7 11 4 6 oo 12)

(1 12)(2 11)(3 10)(4 9)(5 8)(6 7)

(0 9 11 5 12 1 10)(2 7 643 8 oo)

(1 12)(2 11)(3 10)(4 9)(5 8)(6 7)

Automorphism

(S, S"1)

(0oo)(610)(24)(911)(3 7)(18)(5 12)

(outer)

(0 oo)(8 9)(3 11)(4 5)(6 12)(1 7)(2 10)

(outer)

Qm.n.íq G«.».u~$1(13) G».7."~$,(i3)

(2, m, n; q) (2, 5, 9; 2)~Çi(W)

S
T

(1 16 9 11 5 4 7 17 6)(2 13 18 3 10 8 14 15 12)
(0 7)(1 oo)(2 14)(3 17)(4 18)(5 9)(6 15)(8 11)(10 13)(12 16)

Automorphism

(S, s-i)
(0 =o)(l 7)(4 16)(5 9)(6 17)(3 15)(10 14)(12 18)(2 13)

(outer)

Qm.nJ Gl->->~%{19)

(2, m, n; q) (2, 3, H;4)~iPi(23)

5
T

(1 9 12 16 6 8 3 4 13 2 18)(5 22 14 11 7 17 15 20 19 10 21)
(0 3)(1 oo)(2 22)(4 8)(5 12)(6 19)(7 16)(9 18)(10 11)(13 20)(14 15)(17 21)

Automorphism

(S, 5-»)

(0 oo)(l 3)(4 18)(2 13)(8 9)(6 12)(5 19)(10 21)(20 22)(14 15)(11 17)

(outer)

Qm,n ,2g G3-8-"~$1(23)

The generating permutations are taken from (2.39), (2.391), (2.64), (2.66).

In each case they are even permutations ; so whenever the desired automor-



1939] ABSTRACT GROUPS 109

phism is effected by an odd permutation, we can be sure that it is an outer

automorphism. (This permutation is easily found by observing which sym-

bols are left unchanged by one of the generators.)

The apparently possible groups

G3'6-"(«odd),   G3-7-10,   G3-8-9,   G4'4-n(»odd),   G4"

collapse with their would-be subgroups (see §2.6, §2.3, and the Appendix)

(2, 3,«; 3), (2, 3, 7; 5), (2,3, 9; 4), (2, 4,«; 2), (2, 5, 7; 2).

3.4. Groups of genus onerG442* and G3fi-2k.The general results of §2.5 and

§3.1 are illustrated as "genealogies" in Fig. 2, where each single-headed

arrow stands for "is a subgroup of index two in," while each double-headed

arrow stands for "is a subgroup of index three in."

Order

k2

(4,412,*)      (2*. 2k 2,2)

(2,4,4;*) (2,4,2*;2)

(2,3,2*;3)

(4,412,2*) £4,4,2*

G^«*

(3,313,3*)

3*2

4*2

6*2

8k2

9k2

12*2

16*2

27*2

Fig. 2
Groups of genus one

When * is odd, (2.86) and (2.861) show that (2, 4, 2k; 2) is generated by

AB = (1 2*)(2 2* - 1) •••(** 4- 1),

B = (1 2)(3 4 5 6) • • • (2* - 3 ■ • 2*).
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B is transformed into its inverse, and AB into itself, by

(1 2)(3 4)(5 6) • • • (2* - 1 2*).

Calling this Ci-4, where

A = (l 2*-l)(3 2*-3) • • • (*-2 *4-2)(2 2*-2 6 2*-6 • • • 2*-4 4 2*),

we find

Ci=(l 2*)(2 2*-l 4 2*-3)(3 2*-4 5 2*-2)(6 2*-5 8 2*-7)

Since Ci_1P is of period *, Ciand B generate (4, 4 12, k), whereas the C and B

of G2k'iA generate the larger group (2, 4, 4; *). Thus (2, 4, 2*; 2) is trans-

formed according to an inner automorphism. Now, * being odd, the central

of (2, 4, 2k; 2) is of order 1. Hence G2kAA is a direct product, namely

(3.41) G4-4'"~(2, 4, 2*; 2) XG«, * odd.*

By (2.85) and (2.851), on the other hand, whatever be the parity of *,

(2, 4, 2*; 2) is generated by

B = (ai aîk)(a2 ö24_i) • • • (ak ak+x)(bx bi • ■ ■ b2k),

AB = (ai bx)(a2 ¿>2) • • ■ (aik bik).

B is transformed into the inverse, and AB into itself, by

(öi a2k)(a2 a2k-i) • • • (ak ak+x)(bx b2k)(b2 b2k-X) • • ■ (bk bk+x).

Calling this C<4, where

A = (ax b2k)(bx a2k b2k-X a2)(b2 a2*-i b2k-2 a3) ■ ■ ■ (bk-i ak+2 bk+i ak)(ak+i bk),

we find

C = (ai £>i)(a2 b2 a2* b2k)(a3 b3 a2k-i i2*_i) • • • (ak bk ak+2 bk+2)(ak+x bk+x).

Since ^4_1C = (ai 02 • • ■ 02k)(bi b2 ■ ■ ■ bik), A and C generate the whole group

(2,4, 4; *), and therefore A, B, C generate Gi-2k-i (that is, GiA-2k).

Similarly, (2.89) and (2.891) show that (2, 3, 2*; 3) is generated by

B = (3k 1 2)(3 4 5) ••• (3* - 3 3* - 2 3* - 1),

AB = (13*- 1)(2 3k - 2)(3 3k - 3) ■ ■ ■ .

B is transformed into its inverse, and AB into itself, by

(1 2)(4 5) • ■ • (3* - 2 3* - 1).

Calling this C^4, where

* Cf. (2.84).
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A = (3k 2 3k - 3 5 3k - 6 à ■■■ 3 3k - 1)(1 3k -.2)(4 3k - 5)(7 3k - 8) ■ • -,

we find

C = (13k3k- l)(2 3k -233k-4 4:3k-3)(53k- 563k-7 7 3k-6)

Since (2, 3, 2¿; 3) has, in general, no operator of period six,* we can be sure

that A, B, C (or just A and C, since the period of B is odd) generate G2*'3'6

(that is, G8-6'2*).

3.5. The derivation of G"1'2"'2* from its subgroup (m, m\n,k). We saw, in

§2.5, that the groups (2,m,2n;k), (2,m,2k;n) can be derived from (m, m \n,k)

by adjoining involutory operators T, T', respectively; T interchanges P, S,

while T' transforms each into the inverse of the other. The product TT'

(or T'T) transforms each into its own inverse (see §1.2). Let us now adjoin

these two permutable operators simultaneously, that is, adjoin the four-group

which they generate.

Along with the relations

Rm = Sm = fRSy = (R-iSy = 1;

which define (m, m \ n, k), we now have

T2 = Tn = 1;        TT> = T>T¡        TST = R = T'S-lT'.

Eliminating P, we obtain

Sm _ j2 = Tn = (ßT)2» = (ST')2k = (TT')2 = (STT'Y = 1.

We can identify this with Gm'2n'2* by writing

S = ,4-i T = AB, T' = CA;
(3.51)

A = S-1, B = ST (= TR),        C = T'S (= R^T').

Thus (m, m\n, k) is an invariant subgroup of index four in Gm-2n-2k.

When

(2, m, 2n; k) ~ (2, m, 2k; n)

(in particular, when n = k), it may happen that TT' transforms (m, m\n,k)

according to an inner automorphism. Then 7" transforms (2, m, 2m; k) ac-

cording to an inner automorphism, and, if the prder of the central of

(m, m | m, k) is odd,

(3.52) Gm-2n-2k~(2,m,2n; k) XG2.

Applying this principle to (5, 512, 3), (3, 3 14, 4), (3, 3 14, 5) (see (2.56)),
we obtain

* See Coxeter [5], p. 67, where such an operator would appear as a hexagonal rotation.
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(3.53) G4-6-6~G6l XG2,

(3.54) CW-'WJXG!,
(3.55) G3'8-l0~(2, 3, 8; 5) X G2.

When the groups (2, m, 2»; *), (2, m, 2k; n) are distinct, it may happen

that F and T' transform (m, m \ », *) according to outer and inner automor-

phisms, respectively. Then T' transforms (2, m, 2«; *) according to an inner

automorphism, and (with the usual proviso about the central) (3.52) follows

again.

Applying this principle to (5, 514, 2)* and (7, 7 12, 3), we obtain

(3.56) G4^8~(2, 5, 8; 2) X G2,

(3.57) GW ~ $i(13) XG2.

The same principle, applied to (4, 4 | *, 2), provides an alternative proof for

(3.41).
3.6. Definitions for Gmnp (m odd) in terms of two generators. When m is

odd, the relation (3.12) gives

A = yj-Cm-D = iß^iym-Dn^

Thus Gm'"'p is generated by B and C. By direct substitution, (3.11) becomes

Bn = cp = (BC)2 = (B2C2)m = [0B2C2)t"'-1>/2.B]2

= [C(B2C2ym-»i2]2 = 1,

[C0B2C2)<m-1)/2F]2 = 1.

The last relation is superfluous, since (BC)2 = 1 implies

c^B2C2ym-i)i2B =CBBC- ■ ■;    BCCB

= B^C-^C^B-1.C^B-^B^C-1

= F-KC-^-2)'"1-1'^-1.

We may also omit any one of the three relations

(B2c2)m = i,     .[(bk;2)^-»'^]2 = i,      [c(B2c2ym~i'>i2]2 = 1,

since (PC)2 = 1 implies

[(B2C2ym-1)l2B]2[C(B2C2ym-1^12]2 = (-B2C2)(m-1)/2F-FC-C(F2C2)(m-1)/2

= (B2C2)m.

Thus Gm-n'p (m odd) is defined by

(3.61)        B" = C" = (BC)2 = (BK:2)m = [B(B2C2ym-vi2]2 = 1

* Or to (5, 5| 2, 4), interchanging the roles of T and T'.
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or

(3.611)      Bn = Cp = (BC)2 = [P^C2)«"1-»'2]2 = [(B2C2Ym-l)l2C]2 = 1.

Of these two definitions, the latter is more symmetrical (especially when

n = p); but the former is simpler, and exhibits Gm-"-p as a factor group of

(2, m, p; m). In particular, putting m = 3, we see that G3-"-p is defined by

(3.62) Bn = Cp = (BC)2 = (S2!:2)3 = (P3C2)2 = 1

or by

(3.621) Bn = C = (BC)2 = (B3C2)2 = (P2C3)2 = 1.

In order to conform with Sinkov's notation,* let us write B=P, C2 = Q.

When p is even, we obtain the subgroup (2, m, n; p/2) in the form

(3.63) P" = Qp'2 = (P2Q)m = [p(p20 c>»-i>/2]2 = i.

To see that this definition is sufficient, we put (P2Q)lm~1),2 = S, so that

Q =P-2S~2, and deduce

5" = P» = (SP)2 = (S2P2)pl2 = 1.

When p (as well as m) is odd, so that C = 0+1 = Q<"+1)/2, (3.61) becomes

(3.64) P"  =  Qp   =   (P2Q)m  =   (PÇ<P+l)/2)2  =    [p(p20(m-l)/2]2   =   !_

This exhibits Gm-n-p as a factor group of (2, îw, m; /») (see (3.63)), with the

very simple extra relation

(p@(H-U/2)2  =   i

Putting m = 3, we havet

(3.65) P" = Qp = (P2^)3 = (P3(2)2 = 1

for (2, 3, m; /»), and

(3.66) Pn = qp = (piQY = >pzQY = fPQ(P+i)ny = l

forG3'"'" (^»odd).

In (3.66), any one of the three expressions

(PVY,        (P3QY,        (PQCp+i)/*)2

may be replaced by (p2Q(P+3)/2)2. ^g ^rs^- tw0; because

(P2C2P)2(CP2C2)2 = (P2C2)3

* Sinkov [3], p. 68. In "()=(?, P=A," A is a misprint for B.

t For the case when n= 7, see Brahana [2 ], p. 349. Our P (or ¿J) is his R.
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(as we saw above, before putting m = 3), and the last by the following argu-

ment, due to Sinkov. He has shown* that the relations (P2Q)3 = (P302 = 1

imply (PQPiQ"Y=\ (for any a). If also (P2Qa)2=l, where a = (p + 3)/2, we

have

(PQ(p+1)/2)2   =   rp-l.p2Qa.Q-iy   =   <p-lQ-ap-2Qr-iy   _   (Qp2Q«py2   =   t

Thus G3'n'i> (p odd) is defined by

(3.661) F" = Q?  =   (P^)3  =   (P3Q)2  =   (p2Q(!-+3)/2)2  =   i.

This is the definition used by Sinkov in his proof t that G3-7'7 and G3-1-11 col-

lapse, and in his proof Î that

(3.67) G3-7-9~<$x(8).

(This is the simple group of order 504.)

Moreover, Sinkov has achieved a further simplification of the definition,

in the case when » (as well as p) is odd; namely, .he finds § that the period of Q

need not be specified. Thus G3'"-" (n, p odd) is defined by

(3.68) P" = (ptQ)3 = (P3Q)2 = (P(2(p+1)/2)2 = 1.

For example, ^8i(8) is defined by

(3.69) F7 = (P^)3 = 0P3<2)2 = (P<26)2 = 1

or, interchanging » and p, by P9 = (P2^)3 = (P3Q)2 = (PQ4)2 = 1.

3.7. Cases in which m,n,p are all odd: G356, G3-7'9, G3713, G37'15, G399,

G6'5'5. In §3.2, we found G3'5'5 to be the icosahedral group, as generated by

¿ = (253),        B = (1 2 3.4 5),        C = (1 2 4 3 5).

Clearly, A and P generate the same group in the form

A3 = B* = (AB)2 = 1,

while B and C generate it qua (5, 5 12, 3).

We easily verify that $i(8), in the form G3,7,9, is generated by the linear

fractional substitutions

/    1    \ /a&x + 1\
A =(—-:),        B = (a2x + 1),        C -   —-,

\x + 1/ \a3x + a/

* Sinkov [3],p. 68.

f Sinkov [5].
% Sinkov [3], p. 70.
§ Sinkov [3], p. 69.
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where a is a primitive root in the Galois field GP(23), defined by

a3 + a+ 1=0 (mod 2) .

In the form (3.69), we therefore have

P=(a2*+1), Q = (      g      Y
\a*X + 1/

We still more easily verify that the defining relations for G3-7'13 are satis-

fied by the linear fractional substitutions

A = (-Y B = (-l)>        C = (x+1)    (mod 13).

Hence $i(13) occurs as a factor group. (In Theorem G, below, we shall gen-

eralize this result.) Sinkov has proved* that the order of G3,7,13 is 2184, which is

only twice that of $i(13). In fact, ^ßi(13) is the quotient group of the central

(of order two) generated by (P*Q2)3, (PQ3)3,-(PC6)3, or (CBA)7.

Sinkov has remarked that G3-7,13 does not contain l>Bi(13) as a subgroup.

For, such a subgroup, being of index two, would be invariant; and, having

an abelian quotient group (of order two), it would contain the commutator

subgroup of G3,7'13; but G3'7'13 is known to be perfect,^ since it is generated by

two operators (AB and A) of periods two and three, whose product is of

period seven.

Thus G3'7'13 is not isomorphic with G3JA2 or G3'7'14, although it has the

same order (2184). Nor is it the group of unimodular substitutions on two

variables (mod 13),J since, if we represent A, B, C by the matrices

(l   - l)*       V5  0)'       (0    l)'

we find that

«*>' "Co- ")'
Sinkov has observed that the defining relations for G3,7'16 are satisfied by

the linear fractional substitutions

/4*+16\ /22z+ll\ /10*+1\
A=(-), B = {-), C = (-)   (mod 29).

\x + 26/ \12x+10/ \12*+10/

* Sinkov [3], p. 73.

f Brahana [2], p. 347.

t Dickson's SLH(2, 13); van der Waerden's SL{2, 13). That group is defined by

A' = Bi = C13 = 72 = 1,    (AB¥ = (BC)2 = (CA)1 = (ABC)1 = (CBA)1 = I.
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He and I have investigated this group, in the form

F7 = (ptQ)3 = (P3Q)2 = (PQfy = 1.

By enumerating the 406 cosets of the subgroup of order thirty generated by Q

and PQP2, we established the order as being 12180. Hence

(3.71) G3-7-16~^i(29).

Similarly, the defining relations for G3'9'9 are satisfied by the linear frac-

tional substitutions

/6x + 13\ /4x + 7\ /2x\

"-fern)'   *-(£+*)■   c-0w <-*">•
By enumerating the 190 cosets of the subgroup of order eighteen generated

by AB and C, J. M. Kingston* obtained the order 3420. Hence

(3.72) G3-'-8~$i(19).

Brahana has shownt that ^3i(ll) is generated by the permutations

S = (ageb k)(cj idf), T = (a c)(b d)(e g)(f h).

Writing

B = S'1 = (a kbe g)(j cfdi),    C = ST = (b k c j i)(f a e d h),

we observe that these permutations satisfy the relations

b* = c* = (Bey = (BK:2y = (B3c2BK:2y = 1,

which, by (3.61), define G5'5'5. By enumerating the 66 cosets of the subgroup

of order ten generated by BC and CB, we easily find that these relations

suffice to define a group of order 660. HenceJ

(3.73) G56-5 —• iPi(ll).

The third generator for Gb-bfi (in the form (3.11)) is

A = (BK:2)2 = (S^TST)2 = (c kaf h)(ebjdg).

A,B,C are cyclically permuted by D~1 = (a, b, c)(e,j,f)(g, i, h). By adjoining

this operator, we obtain the direct product $i(ll) XG3 in the form

* On July 14, 1938.
f Brahana [3], p. 546.

Î Lewis [l], defines this group in the form 5" = T1 = (STY = (S'TS^T)2 = 1. Cf. Brahana [2], p.

356, where two other elegant definitions are suggested: P" = C6=(PC})!!=(Pi,e2)i=(P8ö)3=l

(P2=R), R11=Ti=(RT)*=(R-iTRTy={R-3TR?Ty = l. For another form of this last definition,

see Todd and Coxeter [l], p. 32.
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C6 = D3 = (CDY = (CDCD-1)2 = 1-*

G4-4'4 leads analogously to the group

C4 = D3 = (CD)6 = (CDCD-1)2 = 1,

of order 192, which is generated by the permutations

(ai ¿>i)(a3 b3)(a2 b2 a4 £>4), (a2 b2 Z>3)(a4 ¿>4 ôi);

and G2'2-2 (G222~G2XG2XG2) leads to the pyritohedral group (2, 3, 6; 2).

So too, the icosahedral groupt

(3.74) A3 = B3 = C3 = (¿P)2 = (PC)2 = (pi)2 = 1

leads to the group

(3.75) C3 = D3 = (CDCD-1)2 = 1,

of order 180. This is G6!/2XG3, since the generators

A = (ai a4 ai),        B = (a2 aA a¡),        C = (a3 a4 a¡),

of (3.74) are cyclically permuted by (ax a^ a3). The relations (3.75)  imply

(CT>)15 = 1 ; but (a3 a4 ab) and (ax ̂  a3) generate the factor group

C* = D3 = (CDY = (CDCD-1)2 = 1,

which is therefore the icosahedral group again. Clearly, D and (CD)2 satisfy

the ordinary definition 7>3 = P6 = (7>£)2=1. More generally, the relations

C* = D3 = (CDY = (CDCD-1)1 = 1

define (l,5\3,k). (The interesting cases are when / = 3 and k = 3 or 4.)

It is perhaps appropriate to remark here that the octahedral group G3'3'4

appears naturally as a factor group of the (unextended) hyper-octahedral

group4; ¿3=P3 = C4 = (.4P)2=(PC)2=(C,4)2=1, of order 192.

3.8. The criterion for finiteness. By applying §3.1 to the groups consid-

ered in Theorem C, we immediately deduce the following theorem :

Theorem E. If the smallest of m, n, p is greater than 2, while the next is

greater than 3, and if these three numbers are either all even, or one even and the

other two equal, the group Gm,n'p is finite when

(3.81) cos 2ir/m + cos 2x/m + cos 2ir/p < 1,

and infinite otherwise.

* In terms of CD and DCDCD, this takes the form 5»= 7^= (S1Ty = (53T)6 = 1. Hence yet an-

other definition for SPi(ll) is 5«= 7*= (5T)»= (52T)3= (53T)S= 1.

f Carmichael [l], p. 255.

% Coxeter [3], p. 219.
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Since this result is formally more elegant than the analogous Theorems A

and C, it seems worth while to give a direct proof.

When m, », p are all even, we take the group generated by reflections

Fi2 = F22 = R32 = Ri = (RiRi)"1'2 = (R2R3)ml2

= (F2F4)"/2 = (F3Fi)»/2 = (F3F4)P/2 = (PiP2)p/2 = 1,

and adjoin a four-group M2=N2 = P2=MNP = 1, such that

RiM = MRi,       R2M = MR3        = A (say),

R2N = NRit        R3N = NRi        =F(say),

R3P = PR*, RiP = PR2 =C(say).

These relations imply

M = BC, N = CA, P = AB,

Ri = CAB,       R2 = ABC,        R3 = BCA ,     R4 = CA3B= AB3C = BC3A.

By direct substitution, the augmented group is seen to be Gm'n-P.

The necessary and sufficient condition for the group generated by reflec-

tions to be finite is*

1 — cos 2t/P

— cos 2t/P 1

— cos 2ir/» — cos 2ir/w

— cos 2ir/w — cos 27t/«

that is,

(1 —cos 2ir/w—cos 27t/« —cos 2t/P)(1 — cos 27r/w4-COS 27r/»4-Cos 2t/p)

•(14-cos 2T/m — cos 2îr/»4-cos 2x//>)(l-|-cos 27r/»z-f-cos 2ir/« — cos 2t/P)>0.

* Strictly, we should mention the necessary condition l/m-\-l/n+t/p> 1/2, which ensures that

the solid angle at a vertex of the fundamental region has a spherical excess. But this condition is auto-

matically covered by the other. (An analogous remark could have been made in §1.2.)

— cos 27t/m — cos 2ît/w

— cos 2ir/w — cos 2îr/«

1 — cos 2t/P

— cos 2tt/^> 1
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Since we are supposing m, n, p to be even and greater than 2, none of the

cosines can be negative; so the last three factors are essentially positive, and

may be discarded. (It will appear later, however, that they have a certain

significance when we allow m, n, or p to be odd. See Theorem F.)

When m=n, and p is even, we observe that the subgroup (2, m, m; p/2)

is also a subgroup of index two in the group

5- = p02 = (RoS-iRoS)2 = (RoS-2RoS2)p'2 = 1,

whose order is m times that of the group generated by reflections

P* = (RiRn-i)2 = (RtRn.,)'" = 1, Pi+m = R{.

This is infinite when m>S, and again when m = S and p/2>2. These values

agree with the trigonometrical criterion. (When m = 3, the groups collapse un-

less/» =4.)

This completes the proof of Theorem E, which tells us, for instance, that

G4'6-6 and G6-6-6 are infinite.

The groups G4'4'24 and G4'5-5 are the only finite groups which satisfy all

the conditions of Theorem E. If we relax the conditions of parity and equal-

ity, we find that the criterion (3.81) admits the groups:

G3'4'" (collapsing unless p = 3 or 6),

G3-6-" (collapsing unless p = 5 or 10),

G3'6" (collapsing if p is odd),

G3'7-" (p = 12; collapsing unless p = 8, 9, or 12),

£3,8,8   £4,5,6    £5,5,5

G4^»'(/» odd), G3'8'9, G4'6'7 (collapsing),

all of which have already been described. Thus Gm-n-p is finite (or collapses)

whenever (3.81) is satisfied. Moreover,* with the exception of G2'"'2" (n odd),

it collapses whenever

(1 — cos 2ir/m + cos 2ic/n + cos 2ir/p)(l + cos 2-w/m

— cos 27t/m + cos 2w/p)(l + cos 27r/w + cos 2tt/m — cos 2ir/p) < 0.

Hence we have the following theorem:

Theorem F. For all (noncollapsing) groups Gm-n'p, save G2'n'2n (n odd),

(1 — cos 2ir/m + cos 27t/m + cos 2ir/p)(l + cos 2ir/m

— cos 2ir/n + cos 2ir/p)(l + cos 2-ir/m + cos 27t/m — cos 2ir/p) ^ 0;f

and for all infinite groups Gm<n'p,

* See Figs. 3-5, below.

t The groups for which this expression vanishes, and the one exceptional group for which it is

negative, are just the extended polyhedral groups [m, n] (see (3.23)).
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(3.82) cos 27r/w 4- cos 27t/« 4- cos 2t/P — 1.

Among tfie infinite groups, I would mention G3'8'12 (see (2.67)). Qn the

other hand, we have seen that the groups

G3'7'13,    G3'7'14,    G3'7'15,    G3-8-10,    G3'8-11,    G4-6-8,    G4'6'9,    G4'6'7

are finite, although they satisfy (3.82).

A graphical enumeration of groups G3n!>

These results are collected in Table III, which shows that, with a few ex-

ceptions, the order of Gm,n'p increases as

1 — cos 2ir/w — cos 27t/m — cos 2t/p

diminishes.
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In Figs. 3, 4, 5,* we represent the particular groups G3-n-p, G4'"'p, G5'n-P

(respectively) as points with Cartesian coordinates («, p). The known finite

groups are marked as o's, the known infinite groups as dots, and the cases of

collapse as crosses (except where, » or p being small, collapse is general). The

A graphical enumeration of groups G4'"'"

trigonometrical criteria appear as curves (which roughly enclose the region

in which finite groups are prevalent). Clearly, all the known finite groups

Qm.n.p are included, some several times over.

3.9. G3"" and the Fibonacci numbers. Let /„ denote the »th Fibonacci

number, that is, the »th term of the sequence 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,

144, 233, 377, • • ■ , defined by the recurrence formula

f\  — fi  —   1) fn+ fn+1   = fn+2-

Clearly,

/, = S-^V-r'»),

where t, r' are the roots (1 ±51/2)/2 of the equation

X2 - X - 1 = 0.

* Cf. Coxeter [7], p. 41, where the groups (l, m | 2, 3) and (l, m 12, 4) are similarly represented.
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We shall see in a moment a connection between these numbers and certain

groups G3'n-P, where p is an odd prime.

Fig. 5
A graphical enumeration of groups G6-"'"

Consider the linear fractional substitutions

(3.91) A = (rZT~)' B = (~ ~ 0'        C=ix+ 1}>

which are to be regarded as operating in the field of integers modulo p, an odd

prime. It is easily verified that

AB = (- x),        BC = (—Y       CA = (-Y        ABC = (1 - x).

Hence

A3 = Cp = (AB)2 = (BC)2 = (CA)2 = (ABC)2 = 1 ;

that is, all the defining relations for G3-n-p are satisfied, save that n, the period

of B, remains to be determined. The matrix of B, namely

r::).
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having the characteristic equation

X2 + X - 1 = 0,

is similar to*

(-„-:)•

We are thus led to consider the substitution

(?)

operating in the field of algebraic integers a+br. We seek the smallest m for

which

(t/t'Y ■ 1 (mod p),

that is,

t" = t'" (mod p) ,

.      S»*/* = 0 (mod p),

or (since/„ is a rational integer),

/» = 0 (mod />).

Such a number m can always be found; in fact, by a known property of the

Fibonacci numbers, m is a divisor of either p+1 or p — 1 (except when p = 5).

With this definition for n, the given substitutions A, B,C satisfy all the de-

fining relations for G3'"'".

Now, it is well known! that A and C (or CA and C) generate the linear

fractional group tyi(p). The remaining substitution B, having determinant

— 1, belongs to this group, or enlarges it to %i(p), according as — 1 is a quad-

ratic residue or nonresidue, that is, according as p m 1 or 3 (mod 4). In the

latter case, n is necessarily even; so A and C satisfy the defining relations for

(2, 3, p; n/2). Hence we have the following theorem:

Theorem G. If p is a prime, congruent to 1 or 3 (mod 4), the group

tyi(p) or tyi(p) (respectively) is a factor group of G3-n-p, where n is the ordinal

of the first Fibonacci number that is divisible by p. When p=3 (mod 4), ^3i(^>)

is a factor group of (2,3, p; n/2).

Here are the first nine values of n :

* For this method for calculating n, I am indebted to H. Hasse.

t Dickson [l], pp. 300-302.
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Since A and C generate tyi(p), B must be expressible in terms of A and C

whenever p = l (mod 4). In fact, since

(a2x) = (-—\'x + a)(-) (x + — \ (-\ (x + a)

= cA-c-cA-ciiaCACa = a-wawa-k;*-1,

we have, when p = \ (mod 4),

AB = (- x) = A-WAC-'A-W-1,

where i2= — 1 (mod p). Thus

(3.92) B = AC'AC-'A-iC*-1.

In Todd's definition* for ^(p),

S = C,        U = A,        R = A-iCAWA-W.

When p = 3, 5, or 7, %(p) or %(p) is the whole group G3-n-p (see §3.2,

§3.3). But, as we saw in §3.7,

(3.93) ^1(13)~G3'7'13/G2.

It seems unlikely that G3-n'p is finite in any higher case.

We observe that « is even when p = 29. In this case, then, (3.92) (with

i = 12) cannot be a consequence of the defining relations for G3-n-v, since each

of those relations involves B an even number of times. But I do not believe

that this extra relation will suffice to reduce G3'14'29 to a finite group.

Chapter IV. Graphical representation

4.1. Dyck's general group picture. Dyckf represents the group

(4.11) Sxh = S2h = ■ ■ ■ = Srb' = SXS2 • • • Sr = 1

by a "group picture" (Dycksche Gruppenbild) which consists of a network of

r-gons, each of angles

7r/6l, T¡b2,  ■  ■  ■  , T/br,

filling the sphere, the euclidean plane, or the hyperbolic plane, according as

* Todd [2], p. 195. The period of R is, of course, (p-l)/2.

f Dyck [l], p. 26; Burnside [l], pp. 372-127; Threlfall [l], p. 26.
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1 1 1
—+ — + •••+ —
¿>i      Z>2 br

is greater than, equal to, or less than, r — 2. The polygons are supposed to be

colored alternately white and black, and each side separates two polygons

(of opposite colors) which are images of one another by reflection in that side.

The group is transitive on the polygons of either color, and by adjoining one

of the reflections we derive the extended group

[Rx2 = P22 = • • • = P2 = 1,

[(RrRl)*   =   (RXR2Y   =   •   •   •    =   (Rr-lRr)"r  =   1,

(1
(4-12) |

for which the polygon is the fundamental region. The generators Pi, P2, • • ■ ,Rr

are reflections in the sides of the fundamental region. The S's are their prod-

ucts in consecutive pairs. The groups are finite when the representation is on

a sphere, in which case r = 2 or 3 and (when r = 3) we have the relation

l/bi + l/b2 + l/b3>l.

For many purposes, it is desirable to abandon the metric, and to regard

the group picture as a network of polygons on a topological surface. We can

then derive a group picture for any factor group, given by the insertion of

extra relations in the abstract definition, by making the appropriate identifi-

cation of various parts of the surface. (Such identification naturally reduces

a simply connected surface to a multiply connected one.)

To obtain a group picture for the group derived from (4.12) by adding

the relation

(4.121) (RXR2- ■ ■ Rr)p = 1,

we should identify, in the group picture for (4.12) itself (that is, the "universal

covering surface") all those polygons which represent operators of the sub-

group generated by (PiP2 • • • RT)P and its conjugates. If rp is odd, this will

involve the identification of a white region with a black one, so that the new

surface will be unorientable. (Dyck would have represented the same group

on the orientable twofold covering surface.)

4.2. The group picture for Gm'n-P. In the case when r = 3 and bx, b2, b3 are

2, m, n, we have a factor group of [m, n], namely

Pi2 = P22 = P32 = (PiP2)» = (R2R3Y - (R3RiY = CK1-R2P3)" = 1.

We saw, in §3.2, that this is precisely G"!'"'p, the ordinary definition being

given by the substitution

Pi = BC, R2 = BCA,       R3 = CA,

A    =   R1R2, B   =   R2R3, C   =   R3R2R1.
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When p is even, our group picture for Gm-n-v is Dyck's for the subgroup

(2, m, n; p/2), which is generated by A, B (and AB). When p is odd, A and B

generate the whole group Gm-"-p, and the distinction between white and black

evaporates.

Klein* shows a stereographic projection of the group picture for [3, 5].

The sides of the triangles appear as arcs of circles, meeting at the proper

Fig. 6
The group picture for [4, 5]

angles, and the reflections are represented by inversions in these circles. Else-

wheret he and Fricke show the analogous conformai representation of the

(hyperbolic) group picture for [3, 7]. For [4, 5] and [4, 6], see Figs. 6 and 7,

where I have shown also the construction lines for the centers of the circles.

* Klein [l],p. 260.

t Klein-Fricke [l], p. 109, Fig. 33.
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(Since the circles belong in various ways to coaxial systems, their centers lie

conveniently on straight lines. In the case of [4, 6], all the centers are deriv-

able from the outermost hexagon in a remarkably simple manner.)

Fig. 7
The group picture for [4, 6]

4.3. The regular map \m, n)p. Clearly, the vertices fall into three cate-

gories, say P2, Pm, P„, according as the number of triangles of either color

that surround the vertex is 2, m, or ». The 2m triangles that surround one

point Pm form together a regular w-gon, {m ], and the totality of such »î-gons

constitutes a regular map* [m, »}, whose vertices (each surrounded by »

{m ] 's) are the points Pn. Similarly, the points Pm are the vertices of the

reciprocal map {n,m\. The points P2 are the mid-points of the edges of either

map. In the case when m = n, the points Pm and P„ are surrounded alike;

taken all together, they are the vertices of a regular map of quadrangles,

{4,»}-

* Brahana [l]. This is the regelmässige Zellsysiem \n, m\ of Threlfall [l], p. 32. Following

Schläfli, van Oss, and Sommerville, I write the m (or a2) before the n (or a¡¡).
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Let P, Q, R, S, T, • • • be a sequence of vertices of {m, n}, so chosen that

P, Q, R are consecutive vertices of one w-gon, Q, R, S of another, R, S, T of

another, and so on. The edges PQ, QR, RS, ■ ■ • iorm a kind of zig-zag, which

we call a Pétrie polygon. (See Fig. 8, for the case of {5, 4}.) We easily see

that the operator RiR2R3 cyclically permutes the vertices (and sides) of a

Pétrie polygon. Consequently, the insertion of the relation (PiP2P3)p = 1 cor-

responds to the identification of all pairs of vertices which are separated by p

consecutive sides of a Pétrie polygon. The reduced map, so derived, will be

denoted by \m,n\p. The map {5, 10}3 is one of Brahana's and Coble's un-

orientable dodecahedra.*

Fig. 8
The regular map {5, 4¡5

4.4. The semi-regular map {m/n} p. In the metrical representation of

[m, n], the mid-points of the sides of the Pétrie polygon lie on a straight line

(of the euclidean or non-euclidean plane) or a circle (of the stereographic pro-

jection). This suggests the desirability of replacing the regular map by a semi-

regular map, whose vertices are all the points P2.

* Brahana and Coble [l], p. 15, Fig. VIII.
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This semi-regular map, which we denote by {m/n) (or {n/m}), has faces

of two types, {m} and {»}, whose centers are the points Vm and P„, respec-

tively. (When m¥-n, these faces are actually different; when m = n, they can

still be distinguished, like the black and white squares of a checkerboard. See

Fig. 11.) Every \m\ is surrounded by m {»}'s, every {»} by « {»i}'s, and

every vertex by two of each, alternating. Moreover, when an edge is produced

in both directions, the line obtained (corresponding to the Pétrie polygon of

{m, n} ) is entirely covered with edges.

Fig. 9
Collinear edges of {m/n}

The operator RXR2R3 permutes the edges by one step along such a line,

and the relation (RxR2R3)p = l corresponds to the identification of all pairs of

vertices which differ by p such steps. When this identification has been ef-

fected, we denote the semi-regular map by* \mln\v, reserving the symbol

{m/n} itself for the universal covering map (which is {m/n}x unless

l/«*4-l/»>l/2).
As we have already remarked, the map is unorientable when p is odd. In

fact, since the collinear edges have alternate {«?• j's and {«}'s on the left,

and vice versa on the right, the surface in the neighborhood of the line forms

a "Möbius band" (see Fig. 9).

When m = n, the map {m/n}p is regular instead of semi-regular. In par-

ticular, {m/m} is {m, 4}, and {m/m} 2ri is the "skew polyhedron" t {m, 41 2q},

whose rotation group is (m, 4 12, 2q) (see Fig. 18). We must not infer, how-

ever, that

Gm-m-2q~ (Wj 4 | 2, 2q),

although this happens to be true when m = 3 or 5 and <? = 2 (see (3.31)). For

the map represents the two groups in quite different ways: (m, 4 \ 2, 2q) con-

tains no reflections, but Gm-m-2q (containing reflections) will not transform an

m-gon into any adjacent ra-gon. All that we may infer is that the two groups

* Since \m/n\p has the same meaning as {n/m}p, perhaps a better symbol would have been

{™}p. The symbol {"(, here written {m/n}, was defined in Coxeter [l], p. 127.

t Coxeter [7], p. 50.
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have a common subgroup of index two, as we already know from (2.51) and

§3.1, the subgroup being (2, m, m; q).

Since Gm'n'p involves m, n, p symmetrically, the three maps \m/n\p,

{n/P} *» {P/m} » aH represent the same group. (If m ^ m ̂  p, the first of the

three is usually the most convenient, as having the lowest connectivity.) The

group Gm'"'p is also represented by any of the six corresponding regular maps

{m, n\p,        {n, m\p,        {n, p\m,        {p,n}m,        [p, m}„,        {m,p}„.

The map {m, 4}m has four {mî}'s at each vertex, just like {ot/mi}4; it

represents the same group G4'm'm, but has half as many {m] 's altogether. In

fact, {m/m}i is its twofold covering surface. (See Figs. 8 and 18. The outer-

most edges are supposed to be identified in accordance with the lettering.)

Fig. 10
G4'4-4 as a factor group of [4, 4]

4.5. The manner in which [m/n]p represents Gm-*>*. Since each edge of

\m/n\p crosses the common hypotenuse of two of Dyck's triangles (one

white and one black), it is the half-edges that represent the operators of

£m,n,p when p is even, the edges themselves represent the operators of the

subgroup (2, m, n; p/2).* Hence, if g denotes the order of &"■"•", the semi-

* When both n and p are even, the edges of {m/n} p can be indexed so as to form a Cayley color-

group (Burnside [l], pp. 423^27) or Dehnsche Gruppenbild (Threlfall [l], pp. 22-27) for

(m, m\n/2, p/2), thus providing a geometrical interpretation for (2.52).
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regular map {m/n} „ has g/2 edges, g/4 vertices, g/2m {m} 's, and g/2n {»} 's.

Its Euler-Poincaré characteristic* (-V+E—F) is therefore

i-(i-i-±Y
2\2       m       «/

The generators A, B, C are to be interpreted as follows. A is an »i-gonal

rotation about the center of a face {m} ; B is an M-gonal rotation (in the same

sense) about the center of an adjacent face {w} ; and C, being the inverse of

-CB-

-QB-

-/iC-i-

A'B

\m\

■C-2AI-

-B'C- ■AC-

BA>

G' AB

Y-BC'-

C-2

B-CA- ■BC-A-i-

-C*B

1

¡«| \m\

BCA

-B-i-

ABC

AB'

-A>C—\

Ci

-CA-i-

B-'A

BA

-C-2B-C'A—*—Gß-i-C2/4-I

Fig. 11

{4/4} i as a portion of ¡4/4}

Pi P2 P3, is a "glide" along a chain of collinear edges. To be precise, C trans- •

forms the edge one half of which represents B into that whose "other" half

represents A-1.

4.6. Special cases. Figs. 10 and 11 show the two kinds of group picture for

G4'4'4 (of order 64); namely, Dyck's picture for (2, 4, 4; 2), and the map

* An orientable surface of characteristic c has genus c/2+1.
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{4/4}4. Some of the operators have been explicitly inserted; the rest are

easily deduced. The generalization to G4'4iP for any even p is obvious, as is

the collapse of Gá-4-p for any odd p.

Fig. 12. ¡3/4}, Fig. 13. {3/6}4

Fig. 14.   4/6}

The extended octahedral group G3'4'6 provides an interesting example, as

its three pictures (Figs. 12,13,14) are, respectively, spherical, euclidean, and

hyperbolic. The map {3/6}4 generalizes at once to {3/6},, for any even p.

This can always be drawn as a rhombus (of angle ir/3), with opposite sides
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identified, like the period parallelogram of an elliptic function.* By trying

to make an analogous picture when p is odd, we verify the collapse of

G3<*'p(p odd).

a b

Fig. 15. {3/5}6

Edington [l], p. 206.
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Fig. 17. {4/5}6

Figs. 15 and 16 represent the icosahedral group G3-5'8. In the former, all

pairs of opposite points of the outermost circle are to be identified. If all six

circles were completed, we should have {3/5 } io or {3/5}. The map {3/5} 5

may be regarded as a partition of the elliptic plane into ten triangles and six

pentagons; {3/5} is its twofold covering surface. Similarly, {3/4} is the two-

fold covering surface of {3/4} 3, which may be regarded as a partition of the

elliptic plane into four triangles and three squares.

In Fig. 16, the smallest pentagon has been drawn five times over (in

broken lines), to preserve the pentagonal symmetry of the figure. (The re-
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Fig. 18
{5/5}4or{5,4|4)

semblance to Fig. 8 is therefore spurious.) {5/5}8 is another of Brahana's

and Coble's unorientable dodecahedra.* Its twofold covering surface is {5,4} 6.

Figs. 17 and 18 represent the group G4,6-6, of order 160. These are un-

orientable and orientable, respectively. The latter is the twofold covering sur-

* Brahana and Coble [l],p. 3 (Fig. II). Similarly, {5,6}4 is the twofold covering surface of Fig.

Ill (p. 9).
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face of the unorientable map shown in Fig. 8. It represents also the sub-

group (2, 5, 5; 2), of order 80, which is the abelian group of order sixteen

and type (1, 1, 1, 1) augmented by an operator of period five.

Fig. 19. {4/5}6

Figs. 19 and 20 show two of the semi-regular maps for G4'5'6. The former,

being orientable, represents also the subgroup (2, 4, 5; 3), which is the sym-
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metric group of degree five. (In Fig. 20, the small hexagon mnopqr has not

been repeated, although it upsets the symmetry of the figure.)

Fig. 20. {4/6}6

Fig. 21 represents G37'8, the 168 edges representing the operators of the

subgroup (2, 3, 7; 4), which is %(7).

Finally, Fig. 22 represents G3'7'9, which is $1(8), the simple group of

order 504. The peculiar elegance of this figure is partly due to the fact that
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the number of heptagons, being the number of Sylow subgroups of order

seven, is one more than a multiple of seven, so that the heptagonal symmetry

Fig. 21. {3/7}8

can be preserved without repeating any of the faces. (In Fig. 21, there are

three heptagons for every such subgroup of G3'7'8.) Fig. 22 incidentally

provides a geometrical verification for the collapse* of G3-7-7. The numbers

* Cf. Sinkov [5].
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1, 2, 3, 4, 5 have been inserted in four of the heptagons, each consecutive

pair of which differ by seven steps along a line of collinear edges. To make

Fig. 22. {3/7}9

{3/7}7, these heptagons would have to be identified. But the numbers have

been put against particular sides of the heptagons, namely, sides which would

have to be identified. We are thus led to the identification of two sides (1 and

5) of one heptagon, which is absurd.
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4.7. The polyhedral groups. When 1/mî + 1/m>1/2, the vertices of the

maps

[m,n\, \n,m\, {m/n},

regarded as points of a sphere, can be joined by straight lines and planes (in

ordinary space) to form regular and semi-regular polyhedra. From this point

of view,* {3,3} is the tetrahedron, {3/3} or {3,4} is the octahedron, {4,3}

is the cube, {3/4} is the cuboctahedron,t {3, 5} is the icosahedron, {5, 3}

is the dodecahedron, and {3/5} is the icosidodecahedron.J

When {m/n} is regarded as a polyhedron, the "collinear edges" form an

equatorial§ p-gon, C being a rotary reflection whose period p we proceed to

calculate. Consider the four vertices which are joined by edges to any one

vertex. These form a rectangle, whose sides are 2 cos w/m and 2 cos tt/m, while

its diagonal is 2 cos ir/p. Hence

cos2 7t//» = cos2 ir/m + cos2 w/n,       1/m + 1/m ^ 1/2,

in agreement with (3.23).

This formula fails when it leads to an odd value for p, since then Cp, in-

stead of being identity, is the reflection in the plane of the p-gon. This hap-

pens only when m = 2 and n is odd (or vice versa). In order to cover this case,

we may say that the period of C is twice the numerator of the rational num-

ber q, defined by

(4.71) cos ir/q = 1 + cos 2ir/m + cos 2ir/w.

4.8. Polyhedra of higher connectivity. From the ordinary polyhedron

{m/n} or {m/n}P, we may derive two star polyhedra, \n/p}m and {m/p}n,

by regarding the equatorial /»-gons as faces, and discarding the Mf-gons or

M-gons, respectively. Thus we have the tetratrihedron\\ {3/4}3, the hexatetra-

hedron\ {4/6}3, the octatetrahedron^ {3/6}4, the dodecahexahedron** {5/10}8,

and the icosihexahedron** {3/10}6-

The cuboctahedron, {3/4} or {3/4 }6, represents the extended octahedral

group G3'4'6, which has two distinct subgroups of index two: (2, 3, 4; 3) and

(2, 3, 6; 2). The former appears geometrically as the octahedral group, gen-

erated by a trigonal rotation A and a tetragonal rotation B, while the latter

* Cf. Coxeter [l], p. 129.

t Badoureau [l], p. 67, Fig. 30; p. 73, Fig. 39.
Í Ibid., p. 73, Fig. 45; p. 129, Figs. 113, 114.
§ That is, inscribed in a great circle.

|| The semi-octaèdre of Badoureau [l], p. 104, Fig. 70.

1 Ibid., p. 119, Figs. 96, 97.
** Ibid., p. 131, Figs. 115, 116.
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appears as the pyritohedral group, generated by the same A and a rotary

reflection C. When the same group is represented on the octatetrahedron

{3/6}4 (whose faces are the eight triangles of the cuboctahedron, and its

four equatorial hexagons), the roles of the two subgroups are interchanged :

the generators, A and C, of the pyritohedral subgroup (2, 3, 6; 2), though

still a rotation and a rotary reflection in space, are both intrinsic rotations*

of the surface of the polyhedron. On the other hand, the third polyhedron,

{4/6)3 (whose faces are the six squares of {3/4)6 and the four hexagons of

{3/6)4) is unorientable, and its intrinsic rotations, B and C, generate the

whole (extended octahedral) group. Similarly, the intrinsic rotations of

{3/4)3 generate the extended tetrahedral group G3'3,4 (which is simply iso-

morphic with the octahedral group), while those of {5/10)3, or of {3/10}6,

generate the extended icosahedral group G3'5,10.

Fig. 23
The ditrigonal dodecadodecahedron, homeomorphic to ¡5, 6}t

The cuboctahedron may be said to be semi-reciprocal to the cube and the

octahedron. Semi-reciprocal to the Kepler-Poinsot polyhedra {5, -J) and

{■§, 5} there is the dodecadodecahedron f {5/f}, which has the same ver-

tices as the icosidodecahedron, but its faces consist of twelve pentagons and

twelve pentagrams (or star pentagons). By ignoring the distinction between

* Cf. Coxeter [7], p. 47.

f Badoureau [l], p. 133, Fig. 117.



142 H. S. M. COXETER [January

these two kinds of face (which, topologically speaking, are both pentagons),

we derive the map {5, 4}6, whose intrinsic rotation group, (2, 5, 4; 3), is G6|.

In fact, the pentagons and pentagrams of {5 / %} are interchanged by any

outer automorphism of the icosahedral group (which is the rotation group

of the solid {5/f}).
All this is closely analogous to the manner in which two reciprocal tetra-

hedra {3, 3} lead to the octahedron (or "tetratetrahedron") {3/3}, which is

the same polyhedron as {3, 4) 6. For, the octahedral group (2, 3, 4; 3) is the

group of isomorphisms of the tetrahedral group.

Besides the dodecadodecahedron {5 / -§}, there is another polyhedron

(Fig. 23) having the same number of the same kinds of face (namely, penta-

gons and pentagrams), but three of each at a vertex, instead of only two.

We may call this the ditrigonal dodecadodecahedron* It has the same vertices

as the ordinary dodecahedron. By ignoring the distinction between pentagons

and pentagrams, we derive the map {5, 6}4, whose intrinsic rotation group,

(2, 5, 6; 2), is again G6¡.

4.9. The more general group ((bx, b2, ■ ■ ■ , br; p)). By analogy with (3.15),

we use the symbol ((¿»i, b2, ■ ■ ■ , br; p)) to denote the group defined by (4.12)

and (4.121). The substitution (4.21) enables us to define ((/, m, »; p)) in the

alternative form

(4.91) Am = F» = C = (AB)1 = (BC)2 = (CA)2 = (¿FC)2 = 1,

which shows that

(4.92) ((2,m,n;p)) ~Gm'n'p.

Three methods present themselves for a tentative investigation of

the group ((¿>i, b2, ■ ■ ■ , br; />)). The first applies to the case when r = 3 and p

is even. We saw, in §3.1, that ((I, m, «; 2q)) contains (I, m, »; q) as a subgroup

of index two. By writing

R = R3RX,       S = RXR2,        T = F2F3,

so that

(FiF2F3)2 = SRT,

we obtain the subgroup in the symmetrical form (2.111), that is, as a factor

group of (4.11) (with r = 3). We may suppose /, m, » to be greater than 2,

since Gm-n-p has already been thoroughly investigated.

From (bed, cad,  abd;   1)  (a,  b,  c  co-prime in pairs)  we derive  the

* Badoureau [l ], p. 108, Fig. 76, incomplete.
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group ((bed, cad, abd; 2)), of order 2abcd2,

from (3, 3, 3; *), ((3, 3, 3; 2*)), of order 18¿2,

from (3, 3, 12; 2), ((3, 3, 12; 4)), of order 576,
from (3, 3, 6; 2), ((3, 3, 6; 4)), of order 288,
from (3, 3, 4; 3), ((3, 3, 4; 6)), of order 1008,
from (3, 4, 4; 2), ((3, 4, 4; 4)), of order 480,
from (3, 4, 5; 2), ((3, 4, 5; 4)), of order 720*

We see also that ((3, 3, m; 4)) collapses unless m = 2, 3, 6, or 12, and that

((4, 4, 4; 4)) and ((3, 3, 4; 8)) are infinite.

The second method applies to the case when

bx = b2 = ■■ • = br    = q (say).

By adjoining an operator S, of period r, which cyclically permutes the genera-

tors Pi, R2, ■ ■ ■ , Rr, we derive the larger group

S<- = Rx* = (SRx)rp = (S-'RiSRiY = 1.

Thusf ((qr; p)) is an invariant subgroup of index r in (2, r, rp;q).

From (2, 2, 2p; p)~[2p], we derive ((/», p; p))~[p], of order 2p,

from (2, 3, 3; 2), the four-group ((2, 2, 2; 1)),

from (2, 3, ok; 3), ((3, 3, 3; 2£))  again,

from (2, 3, 6; q), ((q, q, q;2)), of order 2q2,

from (2, 4, 4; ?), ((?, ?, ?, q; 1)), of order 2g2,

from (2, 4, 4/»; 2),       ((2, 2, 2, 2; /»)), of order Sp2,

from (2, 5, 5; 2), ((2, 2, 2, 2, 2; 1)), of order 16,

and from (2, 3, 12; 4), the infinite group ((4, 4, 4; 4)), again. We see also that

the following are cases of collapse:%

((?,?;#))    (P*q),     ((?,?,?;!))    (?*2),

((2, 2, 2; />)) (p>2), ((3, 3, 3; ¿)) (p odd), and ((4, 4, 4; 3)).

Theorem C tells us that ((q, q, q, q; p)) is infinite whenever p>l or q>2,

and that ((qr; 1)) is infinite when r>4, with the single exception of

((2, 2, 2, 2, 2; 1)). When r^5, ((2>; 1)) is the abelian group of order 2'-1 and

type (1, 1, • • • , 1). This is obvious when r <5; however, when r = 5 it is an in-

* The method of §3.3, applied to the permutations (2.92), shows immediately that ((3, 4,5; 4))

~G«!«XG2.

t Within the double parentheses, we use q' to stand for ?,?,••*,?.

% Enumerations, carried out independently by Sinkov and me (August-September, 1938), in-

dicate the collapse of ((5, 5, 5; 3)), and so also of (2, 3, 9; 5) and G'-'-10 (see Fig. 3). This is particu-

larly interesting, as it shows that (3.81) is not a necessary condition for the collapse of G"*'"'».
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teresting consequence of our knowledge of the order of the group (2, 5, 5; 2).

The ¿>'s being all equal (to q), the group picture described in §4.1 is now a

regular map of r-gons, 2q at each vertex. Since the relation (4.121) identifies

pairs of points which differ by rp steps along a Pétrie polygon, this map is

precisely {r, 2q}rp. For instance, the sixteen pentagons of Fig. 8 represent

the operators of the abelian group of order sixteen and type (1, 1, 1, 1).

The third method applies to the case r = 3, without restriction on the

parity of p; but it is practical only when p = 3 or 4.* By comparing (4.91) with

Txh = 2Y» = 2Y» = (TiT2y = (T2T3)2 = (TiT2T3)2 = 1,

which are Todd'st relations, we see that, for a suitable value of /,

((l,m, n; p)) ~ [n, p,m]',

where [», p,m]' denotes the rotation group of the regular poly tope [n,p,m]

in four dimensions. Here I is the period of FiF3, and FiF3 is a displacement J

which cyclically permutes the sides (and vertices) of a Pétrie polygon. In

other words, the Pétrie polygon of \n,p,m} has / sides.

By considering the particular poly topes in turn, we find§

((3,3,5;3))~[3,3,3]'~G81/2,
((3, 4, 8; 3))~\3, 3, 4]', of order 192,

((3, 3, 12; 4))~[3, 4, 3]', of order 576,

(03, 5, 30; 3))~[3, 3, 5]', of order 7200.

Moreover, since (TXT3)W (I even) is the central inversion,|| we have the cen-

tral quotient groups

((3, 4, 4; 3))~[3, 3, 4]'/G2, of order 96,

(03, 3, 6; 4))~[3, 4, 3]'/G2, of order 288,

((3, 5, 15; 3))~[3, 3, 5]'/G2, of order 3600,

which can be regarded as rotation groups in elliptic space, ^f

* Added in proof: By direct enumeration of cosets, J. M. Kingston found that ((3, 3, 4; 5))

~((3, 3,5; 5))~G6!/2. As permutations, the generators are (2 3)(5 6), (1 2)(3 4), (1 2)(4 5) in the

former, and (2 3)(4 5), (1 2)(3 4), (1 2)(4 6) in the latter.

t Todd [1], p. 217.
X T,T3=RiRiRzRi-, ibid., p. 224. See also Coxeter [2], p. 605, where the period of R,R2R3R, is

called h.
§ For the sake of uniformity, I have rearranged /, m, n into ascending order. For example, the

first group would originally appear as ((5, 3, 3; 3)). Although the meaning of the symbol ((/, m, n; p))

is unchanged for all permutations of I, m, n, the meaning of [n, p, m ] ' is unchanged only for transposi-

tion of m and n. Moreover, the two polytopes [n, p,m\, \m,p,n\, which have the same group, are

not identical (unless m = n) but reciprocal.

|| Coxeter [2], p. 606.
H Nos. XXVII, XXVIII, XXX of Goursat [l ], pp. 67, 68.
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We may also infer that ((3, 3, /; 3)) collapses if l¿¿5, and that ((3, 4, /; 3))

and ((3, 5, /; 3)) collapse whenever / is not a divisor of 8, or 30, re-

spectively.*

Each finite polytope {n, p, m} determines a partition of the hypersphere

into polyhedral cells, which form a three-dimensional "regular map." More

generally, we use the same symbol {n, p,m} to denote any regular map which

fills a simply connected three-space (spherical, euclidean, or hyperbolic, ac-

cording as sin ir/m sin 7t/m is greater than, equal to, or less than cos 7r/^»).

The cells of this map are polyhedra {n, p}, m of which meet at each edge. A

sequence of vertices P, Q, R, S, T, • • ■ is said to form a Pétrie polygon of the

map if P, Q, R, S are consecutive vertices of the Pétrie polygon of one cell,

Q, R, S, T of another, and so on.

Let {n,p,m}i denote the multiply connected map derived from {n, p,m]

by identifying certain pairs of edges, f namely, one pair which differ by /

steps along a Pétrie polygon, and every pair that results from this by applying

a displacement (that is, an operation of the rotation group [m, p, m]').

The group ((/, m, n; p)), involving /, m, n symmetrically, is the intrinsic

rotation group of any of the six regular maps

{n,p,m}i,     {m,p,n}i,     {l,p,n}m,     {n,p,l}m,     {m,p,l}n,     {l,p,m}n.

This includes our representation of Gm-n-p on {n, p}m as a particular case,

since the three-dimensional map {n, p, 2 j consists of just two cells, whose

common boundary is the two-dimensional map {n, p}. The reflections of

[m, p] correspond to digonal rotations of [m, p, 2]', just as the reflections of

[m] correspond to digonal rotations of [n, 2]'. The same principle was used

by Todd in another connection.!

The map {4, 3, 4} is of special interest, since its space is euclidean. It is,

in fact, the ordinary space-filling of cubes. Its Pétrie polygon is permuted by

a trigonal screw.§ Therefore the derived map {4, 3, 4}3k has k3 times as many

cells as {4, 3, 4}3; that is, the order of ((3k, 4, 4; 3)) is k3 times that of

((3, 4, 4; 3)). But we have seen that the latter, being also the rotation group

of {3, 3, 4}4, is of order 96. Hence ((4,4, 3k; 3)) is of order 96£3.

By (4.92), GOT'n'p is the rotation group of any of the six maps

{m,n,p}2,    [m,p,n}2,    {n,p,m}2,    {n,m,p}2,    {p,m,n}2,    {p,n,m}2.

* Added in proof: More precisely, ((3, 5,1; 3)) collapses unless 1 = 3, 5, 15, or 30. The group is

icosahedral when Z=5, as well as when 1 = 3.

t Compare the definition of {m,n}p in §4.3. There we were able to say "all pairs," because we

admitted reflections as well as displacements.

ÎTodd [l],p.223.
§ Coxeter [5], p. 73.
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The map {m, », p}2 has one or two vertices according as m is odd or even.

Reciprocally, it has one or two cells according as p is odd or even. In par-

ticular, {3, 4, 3)2, {4, 3, 3}2, {3, 5, 5)2, {5, 3, 5)2 each consist of a single

cell. The same holds for {5, 3, 3)3, since ((3, 3, 5; 3)) ~[5, 3]'. In fact,

{3, 4, 3}2, {5,3,5)2, {5,3,3},

are easily recognized as the octahedron-space* and the two dodecahedron-

spaces, f
Table I

The known finite groups (/, m\n, k)

Group Order
2 sin 7r// sin w/m

-cosx/n—cosx/£

Where group is

discussed

(2,2 i*,*;
(2,k ¡2,2

(2i,2j 12,
(4,4 \2,k

2)

(3,3
(3, k

(3,4
(2,4
(2,3
(3,5
(5,5
(2,5
(2,3
(4,6
(4,5
(4,7
(3,3
(3,4
(4,5
(5,5
(3,3
(3,4
(3,5
(6,7
(7,7
(4,8
(4,9

13, *:
\3,S
12,4
13, 3
14, 4
12, 5
12,3
13, 3
15, 5
12, 3
[2,4
12, 3
[4,4
13, 4
12, 5
2,4
4,5;
3,5'
3,4
2,3;
2,3
2,3
2,3

Ak)

~G41

~G«/,~?i(5)

-Gtl

~sPi(7)

~G61/2~$,(9)

~?i(13)

-?i(17)

2k

4ij
4£»

3k'

24

60

120
160

168

360

1080

1092

1152
2448

4 sin» ir/2*

2 sin tc/k

2 sin ir/2¿ sin ir/2;

2 sin2 ir/2*

2 sin* ir/2k

31'2(sin1r/*)-l

0.518
0.414
0.318
0.209
0.191
0.176
0.114
0.207
0.124
0.114
0.0858
0.0176
0.0223

-0.0161
-0.0161
-0:0843
-0.189
-0.0661
-0.123

+0.0412
-0.0163

1.1
1.1
1.1
1.3,2.8
1.6,2.7,2.8
1.6,1.7
1.5,3.3
1.5
1.6
1.6
1.1,2.5,3.7
1.6
1.6
1.3
1.4,2.5,3.3
1.6
1.6,2.5,3.5
1.6,2.7
1.6
1.6,2.5,3.5
1.7,2.5
1.7
1.7,3.7
1.7
1.7,2.5,3.5
1.3,2.9
1.7

* Threlfall and Seifert [l], pp. 61-63.
t Weber and Seifert [l], pp. 242, 243. The hyperbolic dodecahedron-space has both two- and

three-sided Pétrie polygons (such as ab and afb); the spherical dodecahedron-space has both three-

and five-sided Pétrie polygons (such as abg andfigkh). Since ((3, 5, 5; 3)) is the icosahedral group,

these two spaces are defined by the symbols {5, 3, 5)3, {5, 3, 3} 5, just as well as by {5, 3, 5)2,

¡5, 3, 3}3, respectively. On the other hand, since ((3, 3, 3; 4)) is of order 72, the map {3, 4, 3}»

covers {3, 4,3} j three times.
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Table II

The known finite groups (/, m, n; q)

Group Order Where group is discussed

bed,

2,2
2,2

2,4
2,4

2,3
2,3
3,3
2,3
2,3
2,5,
2,4

2,5
3,3
2,3
3,4
3,3
2,3
3,4,
3,3
2,4,
2,5
2,3
2,3
2,3
2,3
2,4
2,6
2,5
2,3

-C*

cad,abd; l)~[abcd]'X[d]'*

n; «)~[n] (n odd)

2?; q)~[2q)
4;?)
2g;2)
6;«)
2q; 3)

3;?)
3; 2)~G4i/2

5; 5)~G5i/2

5; 2)
5; 3)1

6; 2)/
6; 2)~G4|/2XG41/,

7; 4)~Çi(7)
4; 2)
12; 2)~[3, 4, 3]"

8; 4)~$,(7)

5; 2)~G6i/2
4;3)~$i(7)XG,

5; 4)~G6,/2XGS
8; 2)
7; 6)1
7; 1)J
8; 5)

10; 4)/
7; 3)~$,(13)

7; 2)~?i(13)XG,
9; 2)~Çi(19)
ll;4)~Çi(23)

-Çi(13)

abed1

In

M
&q*

6ql

9?*
12
60
80

120

144
168
240
288
336
360
504
720
720

1092

2160

2184
2184

3420
6072

2.2,4.9
2.3
2.3,4.9
2.5,2.8,4.9
2.5,2.8,3.4
2.5,2.8,4.9
2.5,2.8,3.4
2.7,2.8,4.9
2.3,3.2,4.9
2.3,3.2
2.5,4.6,4.9

2.5,4.6,4.9

2.9,4.9
2.3,4.6
2.9,4.9
2.9,4.9
2.5
2.9,4.9
2.7,4.9
2.5
2.5,3.5

2.3

2.5,3.5

2.5
2.5
2.6
2.6

* a, b, c co-prime in pairs.

Table III

The known finite groups G"*-"'»

Group Order

{m/n}

Charac-

teristic

Genus (when

orientable)

1—cos2tt/»í

-cos 2r/n—cos 2x/p

Where group

is discussed

G2-»-2».

G4-4-2«

03,6,2«

G».».V>

'[m]xG2 («even)

~[n]XG2(« odd)

■G«

4tn

4»

16?2

12?2
24

-2

-2

0
0

-2

4 sin2 ir/n

2(1+4 cosV2») sin»7r/2n

2 sin2 ir/2q

2

3.2
3.2,3.8

3.4,4.6

3.2,3.7,4.8

* When q=2, we have G3-4'6<~G4,XG2. The genus of ¡3/4}6 is, of course, zero.
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Table III—Continued

The known finite groups Gm-n<"

Group Order

\m/n\

Charac-

teristic

Genus (when

orientable)

1 — cos 2x/»i

-cos 2v/n—cos 2ir/^>

Where group

is discussed

G***~GW

G3^I0~G6,/2XG2
G«,m~(4, 5 12,4)

G4.5.«~GS,XG3

G»-'-8~Çi(7)
©■•'••~$i(8)
GS.6.S-^,(11)
G3.s.w|1(7)XG2

GW~(2,5,8;2)XGj
G3.'I2~sßi(13)

G3.7.13

G3.W

G«.«.'-
G«.",-

G3.'.1'-

-$i(13)
'$1(19)

~(2,3,8;5)XG2

-f.(13)XG2
<fc(19)
^.(23)
-$i(29)

60
120
160
240
336
504
660
672

1440
2184
2184
2184
3420
4320
4368

6840
12144
12180

-1

-2

4
6
4

6
33

14
36
26
26
26

95
90

182
171
253
145

19
14

14

46

0.882

0.392

0.191
0.170
0.111
0.0729
0.0858

-0.0161

+0.0105
-0.00894
-0.0245
-0.0321
-0.0161

-0.123
-0.0751
-0.0483

-0.0370

3.2,3.9,4.
3.2,4.8
3.3,3.8,4.
3.5,4.6
3.3,3.9,4.
3.7,4.6
3.7
3.5
3.5
3.3
3.7,3.9
3.3
3.7
3.5
3.5
3.3
3.3

3.7

Appendix. On the collapse of (2, 3, 9; 4) and (2, 5, 7; 2)*

(2, 3, 9; 4): In the form (3.65), this group is defined by P9 = Q4

= (psQ)i = (i»Ç)i = l. Since QP3Q = P-3, we have (P3<22)3 = 1. Similarly,!

(PQP2Q~1)2 = l, (F403 = 1, (P2<22)3 = 1. Using these relations, we find that

pbQ2piQ2   =   pi.p-2Q-2p-2.p-3Q-l.Q-l   =   pi .Q2p2Q2 . Qp3 .Q-l

= piQQP^PP^-1 = P1QP-1QP-2Q-1P2Q-1

= P3(PiQPi)2P3QQ2P2Q2Q

= P3(Q-1p-%)-1)2Q-1p-3p-2Q-2p-2Q

= P3Q-1P-2(p-2Q-2p-2yp-3Q-2p-3PQ

= P3Q-1P~2(Q2P2Q2)2Q2P3Q2- PQ

= P3Q-1(P-2Qr2yPQ = P3Q~1Q2P2PQ

= (P3Q)2= 1.

Hence

* For this Appendix I am indebted to Dr. A. Sinkcv. (See §2.6.)

t Sinkov [3], pp. 68, 69, (2), (4), (5).
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p3   __   (p-3)2   _   lp-3 . piQ2piQ2\2

= (P2(22P2P2(22)2 = (Q-ip-sQ-^PîQ2)2 = 1.

Thus (2, 3, 9; 4) collapses to (2, 3, 3; 2), which is the tetrahedral group.

(2, 5, 7; 2): In the form (2.12), this group is defined by R& = S7 = (RS)2

= (R2S2Y = l, whence

S3-R3SR3S2RS3 = SS2R2 RSRR2S2RS3 = SR^S^S^S^R^RS3

= SRR2S2R2R2S2S = P-1^-1^-2-^-^-2^

= r2r2s2r2rs = jp-s-'-.s-.ye-1

= ps-P-1^1 S~2R-2R = R3SRR2S2R

= R3SR3S2R.

It follows that

SR3SR3S2RS = R3SR3S2R, SR2 RSRR2S SRS = R2RSRR2S2R,

SR2S-1R2SR~1 = P2^-1^-^-2^,

so that

5P25-! = P25-3P-1-P5-1Pt2 = R2S3R~2.

But SP^-1 is of period five, while R^R-2 is of period seven. Hence P = 5 = 1,

and (2, 5, 7; 2) collapses totally.
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